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Abstract

We study the light hadron spectrum and quark masses in QCD with two flavors of dy-
namical quarks in small sea quark mass region, corresponding to mpg/my = 0.60 — 0.35.
Numerical simulations are carried out using the RG-improved gauge action and the
meanfield-improved clover quark action at § = 1.80(a, = 0.2007(38) fm from the p me-
son mass). We observe systematic deviations from the previous chiral extrapolations
using mpg/my = 0.80 — 0.55 with quadratic functions. The difference is especially
large for quark masses. The previous quadratic extrapolations overestimated them by
10 — 20(4 — 100)%. Then, combining our previous data, we test several chiral extrapo-
lations to control the errors associated with the chiral extrapolation. We find that the
Wilson chiral perturbation theory(WChPT) including a? effect, associated with the ex-
plicit chiral symmetry breaking of the Wilson-type fermions, as well as the conventional
polynomial fitting reproduce our data. The light quark mass through the axial Ward
identity is mMS(2 GeV) = 2.725(38) from WChPT and m)5(2 GeV) = 2.851(58) from
the polynomial extrapolation, indicating additional 5%(2.20) systematic deviation due to
the chiral extrapolation. Our results suggest indispensability of the WChPT formulae for

the calculation of quark masses.
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Chapter 1

Introduction

Quarks have been considered as elementary particles of matter for the present. No exper-
imental data has shown the internal structure of quarks. The strong interaction among
quarks is formulated by the SU(3) gauge theory called Quantum Chromodynamics(QCD).
The non-Abelian structure of QCD brings a special feature of asymptotic freedom. In
contrast to the electromagnetic interactions, force between quarks becomes small at short
distances, on the other hand, large at long distances. Therefore, at high energies pertur-
bative analysis works well. But at low and intermediate energies perturbative calculations
breakdown and non-perturbative methods are needed.

Lattice QCD is a theory that formulates quark and gauge fields on a discrete four-
dimensional lattice [1]. This formulation gives a mathematically well-defined path integral.
The infinite number of degrees of freedom reduces to finite on lattices. It allows us to
calculate non-perturbative properties of QCD by numerical simulations. Hadron spectrum
and quark masses, corrections to the weak matrix elements and QCD phase transitions
at finite temperature and density have been studied with lattice QCD.

On the other hand, lattice QCD has disadvantages, either. In addition to the statis-
tical error due to the use of numerical method, several systematic errors prevent precise
calculations of lattice QCD. There are four major systematic errors in lattice QCD. They
are errors caused by continuum extrapolation, renormalization factors, finite size effects
and chiral extrapolations.

The systematic errors except that from chiral extrapolations are under control at
present. For the continuum extrapolation and the calculation of renormalization factors,
improvement methods has been developed. The improved actions and operators decrease
lattice artifacts due to discretization of spacetime. Therefore, continuum extrapolation

can be taken smoothly from coarse lattices and the error is within a few percent. For the



renormalization factors, which relate lattice quantities to the MS scheme of dimensional
regularization, one-loop values by lattice perturbations were often used. But on coarse
lattices more than two-loop effects become large and they cause the systematic error.
However, non-perturbative renormalization by use of Schrodinger functional method is
developed [2]. The systematic errors due to renormalization factors are suppressed well.
For finite size effects, no improvement method has not been proposed. But systematic
studies of finite size scaling show the relation between a spatial volume and its effects on
observables [3-5]. Therefore, finite size effects are also under control.

The only systematic error we have not controlled yet is that from chiral extrapolations.
With currently available computer power and simulation algorithms, dynamical sea quark
masses which can be explored are far from the physical value. The long extrapolation to
the physical v and d quark masses may involve sizable systematic errors. The present
conditions of the range of sea quark masses depend on formulations of quarks. Though
there are several formulations of quarks on lattices, Kogut-Susskind(KS)-type [6] and
Wilson-type fermions [7] are often used in full QCD simulations. For the KS-type quarks,
the sea quark masses are down to small values corresponding to the ratio of a pseudoscalar
and vector meson masses mpg/my = 0.3 [8], which is 76% larger than the ratio in the
real world m,/m, = 0.17. However the KS-type quarks have a problem of non-locality of
the action due to the number of flavors. In two-flavor cases, one has to take the square
root of the action, which makes the KS-type quark action non-local. Since this non-
locality must vanish in the continuum limit, it may be a source of an additional scaling
violation. On the other hand, the Wilson-type quarks do not suffer from the non-locality
problem. But since the computational costs are larger than those of the KS quarks, the
sea quark masses have been limited to heavier values corresponding to mpg/my 2 0.6.
Another point is that the Wilson-type fermions explicitly breaks the chiral symmetry at
finite lattice spacings.

Conventionally chiral extrapolations have been done using a polynomial of a quark
mass Mguark- 1he problem of the polynomial extrapolations is that they are expected
to need high order terms when they approach the chiral limit to the zero quark mass
point. A low energy effective theory, chiral perturbation theory(ChPT), predicts that
there is a logarithmic singularity of the form of myq.k 108 Myguark [9]- Though the physical
quarks are not massless and the polynomial extrapolations are always possible, we must
check how many orders are needed to extrapolate our lattice data to the physical quark
mass value reliably. In other words, we have to control the systematic errors due to the

contribution of high order terms when we extrapolate lattice data with polynomials.



It is desirable that informations of the quark mass dependence in hadronic quantities
are given from some theoretical arguments. For this purpose, ChPT has been adopted to
provide a guide for a chiral extrapolation of hadron data. We call the ChPT formulated
for QCD in the continuum limit as “naive ChP'T” in this thesis. Naive ChPT formulae
include the chiral log term and predict fast changes of physical quantities around the
chiral limit. A practical problem of the naive ChPT formulae is the application range.
For the one-loop formulae of the naive ChPT, the next-to-leading order must be small
enough to make sure the next-next-to-leading contribution is negligible. Therefore, the
naive ChPT formulae can be applied only in a small sea quark mass region. An estimate
from a partially quenched analysis shows mguer < ms/4 is required [10,11]. JLQCD
collaboration tested the one-loop formulae of the naive ChPT in two-flavor full QCD with
Wilson-type fermions [5]. They found, however, their data of mpg/my = 0.8 — 0.6 are
not reproduced by the one-loop formulae. A possible reason for the absence of the chiral
logarithm in JLQCD data is that the sea quark mass in their simulations is still too
large and the higher order corrections of ChPT should be included to describe the data.
Another reason may be the explicit chiral symmetry breaking of the Wilson-type fermions.
Effects of the violation of the chiral symmetry appear clearly in various observables such
as the difference between the quark mass defined with the vector Ward identity and that
with the axial vector Ward identity and the renormalization of the axial current. The
contribution of finite lattice spacings to the ChPT formulae should be taken into account
on coarse lattices.

Recently several proposals have been maid to modify ChPT for the Wilson-type
fermion at finite lattice spacings (WChPT) [12-15]. These WChPT formulae are ex-
pected to work on coarse lattices because they reflect the effect of the explicit breaking

of the chiral symmetry in a theoretically natural way. *

qq+q collaboration has applied
the one-loop naive ChPT and WChPT formulae to their data [19]. They found their data
can be described by both the one-loop naive ChPT and WChPT formulae even though
they employed heavy sea quark mass data of mpg/my = 0.9—0.5. A subtle point in their
studies is that they used coarse lattices of @ ~ 0.19,0.28 fm with the unimproved pla-
quette gauge action and the naive Wilson fermion action. It is not clear if discretization
effects are controlled on such coarse lattices.

In this study, we try our best to produce data in realistic sea quark mass regions. We

generate configurations of small sea quark masses corresponding to mpg/my = 0.60—0.35,

!Similar attempts to include the O(a?) taste violations for the KS-type fermion have been made [16—
18).



extending our previous study in two-flavor full QCD with Wilson-type fermions [20]. Since
the computational costs toward the chiral limit grow rapidly, roughly proportional to
(mps/my)~% [21], we are forced to use a coarse lattice of a, = 0.2007(38) fm determined
from the rho meson mass. To reduce the effects of a finite lattice spacing, we employ an
improved gauge and quark action. Our simulations are performed at 8 = 1.80 using a
renormalization-group(RG) improved gauge action and a meanfield-improved clover quark
action.

Using these configurations, we calculate the light hadron spectrum and quark masses
and extrapolate them to the physical point. The validity of the quadratic extrapolations
in the previous work is examined by estimating the deviations of our new data from the
previous extrapolations. Then we study several extrapolation function forms including
polynomials and the ChPT-based ones. The adaptability and convergence of these for-
mulae are examined. We find the previous quadratic forms fail to describe our data. On
the other hand, polynomials including higher order terms as well as WChPT formulae
reproduce our data well.

Finally, we compare the results at the physical point. Deviations from the previous
results are estimated. Then dependence of physical quantities on the extrapolation formu-
lae is discussed and their systematic deviations are studied. We confirm that the previous
quadratic chiral extrapolations give 10 — 20% systematic difference in the quark masses.
Moreover, the WChPT formulae show further differences implying its necessity for the
quark mass calculation. Preliminary results of these calculations have been reported in
Ref. [22].

This thesis is organized as follows. We formulate QCD on lattices in Chap. 2. Then
Chap. 3 is devoted to the explanation of an alternative effective approach for QCD. After
reviewing the previous lattice QCD calculations in Chap. 4, we describe details of our
simulations in Chap. 5. Chap. 6 is devoted to detailed description of our simulation
results. Then we discuss chiral extrapolations in Chap. 7 and the extrapolated results at

the physical point in Chap. 8. Our conclusion is given in Sec. 9.



Chapter 2
Lattice QCD

Lattice QCD is the most successful theory to deal with QCD in low and intermediate
energy regions. It allows us to study QCD non-perturbatively from the first principle by
use of numerical techniques. In this chapter, we briefly explain the formulation of lattice
QCD.

2.1 Formulation

The partition function of QCD is written in the Euclidean path integral formulation

7= / DADYD ¢~ SecrlAvd], (2.1)

where the QCD action Sgcp consists of the gauge fields A, and the quark fields 9 such
that

_ 1 _
SacolA, vy 9] = [ d'a (S (Fa)?+ 6D +m)) . (22)
The field strength is
F8, = 0,A% — 0,A% + go f** AL A, (2.3)

where f%¢ are the structure constants of SU(3) and gy is the bare coupling. The covariant
derivative is defined by
DM = 811 - igoAZta, (24)

where t* is the generator of SU(3). Sgcp is invariant under Lorentz and color SU(3),
transformation. In addition to these exact symmetries, Sgcp has an approximate flavor
symmetry. In the chiral limit m = 0, Sgcp has a U(Ny), ® U(Ny) g symmetry. However,
due to the Adler-Bell-Jackiw anomaly, U(Ny), ® U(Ny)r = SU(Ny)r ® SU(Nf)r ®
U(l)y ® U(1)4 breaks into SU(Ny), @ SU(Ns)r @ U(1)y. SU(Ny)r ® SU(Ny)r shows



the chiral symmetry and U(1)y the quark number symmetry. Actually Sgcp is invariant

under the following chiral transformation
vy, = Lip, py, — P LY, (2.5)
YR = RYp, Py — YRR, (2.6)
where L, R € SU(Ny) with the number of light quark masses Ny. 9y, g are the left and
right-handed quark field,

1
Yi.r = PLrY, PLr= 5(1 + 75). (2.7)

The lattice QCD action SEaise is constructed to recover Sgep in the continuum limit.

Sg‘giﬁe consists of the gauge and fermion parts.
Sgeis = SalU] + Sy (U, . 9], (2.8)

The gauge part is

0)=5Y (1= 3-Uwlm). (2.9

T UV
where N, is the number of colors (N, = 3) and Uy, (n) is a plaquette with the base site n
lying on the p — v plane,

U (n) = Un(n)U, (n + p)UJ(n + 2)UJ (n). (2.10)

The i means a unit vector along the u direction. The gauge field A, (n) is defined on the

link between the site n and n + i as

U (n) = efasodn(m), (2.11)
where @ is a lattice spacing. The lattice action must be the continuum one in the limit
a— 0,

: L roy
lim S = / d'zFe Fe. (2.12)
This condition determines the parameter 3 in Sg (2.9) as
2N,
B==. (2.13)
90

The fermion part of the action with Wilson fermions is

SO, ¢, U] = (g + 4r) )3 b(n)d(n)

3 Z (3000~ udn + 9 + 0+ 1)+ 30000
(2.14)



where r is a Wilson parameter. The dimensionless bare mass my and quark fields 1 are

defined as follows,

) = aty, (2.15)

mo = amy. (216)

Though for r # 0 the chiral symmetry is explicitly broken, it removes doublers. The
naive formulation of fermion produces doublers, which are pure lattice artifacts having

no continuum analog. Sl(mw) recover the fermion action in the continuum theory without

doublers.

lim S{") = /d4x (6P +m)). (2.17)

2.2 Continuum limit

We discuss the scaling and the continuum limit in this section. Let us consider an observ-
able O with the mass dimension dp. The corresponding lattice quantity O is measured
in units of the lattice spacing a on a lattice.

N

O(go, a) = (2)(10 O(go). (2.18)

Since QCD has the asymptotic freedom, the continuum limit a — 0 is realized for g; — 0.

lim O(go,a) = Oppys. (2.19)

go—0

For sufficiently small gy the QCD £ function has the form

dgo

B(go) = e = ~bogy — b1gs, (2.20)
1 2
1 38

where Ny is the number of flavors of massless quarks. Integrating this 8 function leads to

0= AiLf@o), (2.23)

where Ay, is an integration constant called lattice Agcp parameter and f(go) is the two-
loop scaling function of SU(3) gauge theory,

b 1

S U
f(g0) = (bogg) ™Ge 0% (2.24)

7



Substituting (2.23) and (2.18) into (2.19) implies
O(go,a) ~ Cf(go)® for sufficiently small gq, (2.25)

where C is a dimensionless constant. This relation is called asymptotic scaling. By

0O(90)
(f(go))do

constant C'. However our simulations are usually carried out of the asymptotic scaling

studying the ratio as a function of gq in this scaling region we can determine the

region, we conventionally fix a by identifying the rho meson mass a(go) = m,(g0)/m,.

2.3 Improvements of actions

Simulations on fine lattices are desirable to obtain the continuum limit values but it re-
quires large computational resources. On the other hand, simulations on coarse lattices
are cheap but they are usually out of the scaling region and are not useful for contin-
uum extrapolations. Therefore, in order to obtain a reliable result from coarse lattices,
improved actions are often used. The improvement reduces cutoff effects. It leads to a
better scaling from coarse lattices. We briefly explain the improvements in the gauge and
quark actions.

First, we consider the gauge sector. Due to the universality, there are infinitely many
candidates for the lattice action describing the same continuum limit. We can introduce

higher order terms AS; to the standard lattice gauge action of Eq. (2.9).
Simproved = COSstandard + CIASI + CQAS2 + . (226)

where the coefficients ¢; must satisfy a condition that the leading order of the action
reproduces the continuum action. Since we can adjust ¢; under this condition, lattice
artifacts can be suppressed by the choice of ¢;.

There are two major methods to determine ¢;. One is the Symanzik improvement and
the other is the renormalization group(RG) improvement. The Symanzik improvement is
based on perturbations. The gauge action is expanded in powers of the lattice spacing
a and ¢; are adjusted such that up to O(a"™) contributions are canceled [23]. The RG
improvement is based on the analysis of the RG group flow. A block transformation of
a field shows that there are two fixed points Py and P,,. P, corresponds to the strong
coupling limit and P,, the weak coupling i.e. continuum limit. These two fixed points are
connected by a renormalized trajectory(RT). All the actions on RT, called perfect actions,
describe the same physics as that at P,,. However, an infinite number of parameters are

needed for the perfect action. In practical simulations, we restrict ourselves to a small



number of coupling parameters, which make the action close to RT as much as possible.
Y. Iwasaki proposed an RG action that includes only plaquette and rectangular loops but
becomes close to RT after one or two block transformations [24]. ¢; are determined by

evaluating the distance from RT with the perturbative calculation of the Wilson loop.
Cy = 1— 861, C1 = —0.331. (227)

Next, we move on to the quark sector. The naive Wilson quark action defined in
Eq. (2.14) has O(a) discretization errors. O(a) improved Wilson fermion is realized by
adding the clover term [25].

Sl(vo(a)—improved) _ S}(TW) + S%Clover), (2.28)
over 1 A
S},Cl ) = —a5CSwl€— Z w(n)OuuFuu(”)¢("), (229)
n,u,v

where 0, = (¢/2)[7,,7,] and the field strength F},, is defined as

1

Fouo() = o= (U (1) + U (0) + U (0) + Uy () = (). (2.30)
The parameter csw is chosen so that the O(a) contribution cancels. At the tree level,
O(a) improvement is achieved with csw = 1 for » = 1. The one-loop value of csw
has also been obtained, but it does not work well because of the poor convergence of
lattice perturbation. Since tadpole loops make the convergence worse, the meanfield
improvement(tadpole improvement) is invented [26]. It simply substitutes U as follows.

Uy(n)

Uu(n) — - (2.31)

where ug is a meanfield value for U. This replacement corresponds to the change of the
expansion parameter from the bare coupling g to ¢’ = g/u2. The modified perturbation
shows better convergence at rather large g, where numerical simulations have been done.
This meanfield improvement is adopted for Csyw by

c

b
ug

where we redefined the hopping parameter k as k — k/ug. We note that with the
plaquette gauge action the non-perturbative value of Csw has been obtained by use of
the Schrédinger functional method [27].



2.4 Quenched approximation

Let us explain the quenched approximation, which was often used at the early stage of
lattice QCD study.
The quark fields ¢ are bilinear in SI(;W),

SW) = G K. (2.33)

Therefore we can immediately perform the Grassmann integrals in the partition function.
The result is
Z = / DU e Sers (2.34)

where the effective action Sess is given by
Seff = Sg — logdet K. (2.35)

The quenched approximation is take det K = 1. In this approximation dynamical quark
effects are ignored because det K means the vacuum polarization effects. It is given by
the sum of single fermion loops with an arbitrary number of external gluons attached to

them. This quenched approximation reduces the simulation cost by O(100) times.

10



Chapter 3

Effective field theory approach for
QCD

Due to the asymptotic free character of QCD, perturbative analysis can be applied only
in a high energy region. At low energies, a perturbation with fundamental parameters of
QCD goes beyond its radius of convergence. Instead of using the fundamental parameters
of QCD such as lattice QCD, there is an effective approach that employs the bound states
as more natural variables for a low energy region. As long as an effective theory respects
the symmetries of QCD and the relevant variables are identified, it provides the same
physics in its application energy range. This chapter is devoted to explanations of such

effective theories.

3.1 Chiral perturbation theory

Chiral perturbation theory(ChPT) is a typical example of an effective theory for QCD [9].
First, ChPT respects all symmetries respected by QCD. QCD has color, flavor and Lorentz
symmetry. The color symmetry gives no effect on ChPT, because quarks are confined
and therefore hadrons are color-singlet. On the other hand, flavor and Lorentz symmetry
restrict the form of ChPT effective Lagrangian. Second, the fundamental degrees of
freedom of ChPT are identified with the light pseudoscalar mesons: 7% 7% for N; = 2
case and 70, 7%, KO KO K= n° for N; = 3 case, where N; is the number of flavors of
light quarks.

ChPT is based on the following two assumptions. One is that in the chiral limit, the
global SU(Ny),®SU(Ny) g chiral symmetry in massless QCD is spontaneously broken into
SU(N¢)r+r=v and the pseudoscalar mesons are identified with the corresponding Nambu-
Goldstone(NG) bosons. The other is that the light quark masses are treated as small

11



perturbations around the chiral limit. According to these hypotheses, ChPT Lagrangian
is constructed with the most general Lagrangian invariant under SU(Ny)r @ SU(Ny)g
and the explicit flavor breaking terms of quark masses transforming linearly.

Though the symmetries determine the form of ChPT Lagrangian, an infinite number
of terms can be included. Therefore, we must order the terms by their importance for the
effective theory to be a predictive. Since we want to create a low-energy effective theory,
we perform an energy expansion of the physical amplitudes. In that case, terms with
lower powers have a greater importance. This power counting rule is concretely discussed
below.

Before explaining the concrete form of the ChPT Lagrangian, we note that even renor-
malizability is not necessary for an effective theory. An effective theory works in the energy
range below some cutoff, ' < A. Actually renormalizable theories are a subset of effective
field theories. The advantage of renormalizable theories is that it is very predictive. Only
a finite set of couplings are needed independently of the energy range. On the other hand,
they have a disadvantage that their validity range is not explicitly shown. To ensure a
predictive power to ChPT below some cutoff Acppr, we only need renormalizability order
by order in the energy expansion of E/Acppr. Strictly, if for any n > 0 the number of
counterterms contributing at O(E™) to the physical amplitudes is finite, then only a finite
set of couplings is needed to describe the physics at E' < A¢ppr with arbitrary accuracy.
We note that ChPT picture also breaks down at energies where particles that are not
included in ChPT (ex. p meson) play an essential role as well as £ ~ Acppr.

The ChPT Lagrangian is constructed as follows.

EChPT = £NG + Equark (31)

where Ly purely consists of the NG boson fields and L4« includes the explicit flavor
breaking terms of light quark masses. The NG boson fields are associated to the coordi-
nates of the coset space SU(Ny), ® SU(Ny)r/SU(Ny)y, transforming non-linearly under
SU(Ny)r, @ SU(Ny)g but linearly under SU(Ny)y. It is useful to introduce a non-linear
realization of a spontaneously broken symmetry to construct the most general Lagrangian
invariant under SU(Ny), ® SU(Ny)g. I employ the exponential parameterization in the
Ny x Ny flavor space. For Ny = 2 case, it is written as follows.

U = exp (igwaau/ f) € SU(N; = 2), (3.2)

where f is a constant that is not determined by the symmetry, 7 are pseudoscalar meson

fields and ¢ are Pauli matrices. The choice of U is not unique, but all possible formula-

12



tions lead to the same physical results. Under the chiral transformation of Eq. (2.6), U
transforms linearly under SU(N¢)r, ® SU(Ny)g,

U — LUR'. (3.3)
7 transforms linearly under vector transformation SU(Ny)y,
T—VrVl, V=L=R (3.4)

In the other cases, m transforms non-linearly.

Next we explain on the form of Lyg. NG bosons can only interact when they carry
momentum. The interaction terms for the NG bosons always contain derivatives because
of the chiral symmetry. Therefore, NG bosons interact weakly at low energies. It allows

us to expand Ly¢ according to the momentum of NG bosons (p?/AZ,,pr) at low energies.

Lng =LV + L8+l + ., (3.5)

where the subscript shows the order of p or the highest number of derivatives. E(CO,)IPT

term is an uninteresting constant. It just represents the vacuum energy of QCD in the
chiral limit. Not only Eg,)lPT term but all odd order terms are forbidden by the Lorentz
and parity symmetry. A nontrivial structure first appears at ES?G E%)G is uniquely
determined as follows.

2
£ = fZTr (a.U0mUH). (3.6)

f is introduced to reproduce the standard kinetic term, explained later in detail. Notice
that 0,U corresponds to the power of momentum.

Then, after some preparations, we show the concrete form of Ly, SU(Nf)L ®
SU(Ny)g is not an exact symmetry of QCD because of non-zero quark masses. But the
variation in the action due to quark masses can be compensated by the transformation
of the quark mass matrix. Therefore, we can make an invariant action under SU(Ny), ®

SU(Ny)r with quark mass terms. The quark mass matrix m for N; = 2 case is defined

m=<mu 0 ) (3.7)

0 mq

as

It is convenient to count m as O(p?) such that L.k starts at O(p?) and only even
order terms appear. It is also convenient to use the “spurion analysis”. It reproduces the
explicit symmetry breaking due to the quark mass correctly. In the spurion analysis, we

distinguish m and m' so that the mass term becomes
Yrmipr + Prmiipy. (3.8)

13



This mass term is invariant under SU(Ny);, @ SU(Ny)g, if m transforms as
m — LmR', m! — RmTLT, (3.9)

With these preparations, Lg,q-,x can be expressed as an expansion in powers of quark

masses (Mguark/Achpr)-

[’QUGT’C = ‘C’E]Z)ark + ‘ct(It)arlc + o (310)

‘C((Ii)ark is given by
£ EBy Gty um 3.11
quark_Tr<m + m)? ( )

where B is another unknown constant, which should be determined by the data out of
ChPT.

Expanding U in powers of 7 such that U =1+ i(7 - 0)/f + ... reveals us the relation
between the pseudoscalar meson mass and B. It also shows the correspondence of B to
the quark condensate and f to fr. At O(n?) order, the leading order chiral Lagrangian

mathcal L5 pr is expressed as

LEpr = Lo =LY+ Lo (3.12)

quark

= (mut+m) B+ 5 (8,m0%7) — (o +m)Br® + O(n").  (313)

The second term is a usual kinetic term and the third term represents the PCAC relation
between m, and B,
m2 = (my, +my)B + O(m?). (3.14)

The first term shows a contribution to the potential ¢.e. the vacuum energy, which leads

to the relation between B and the quark condensate. The energy shift can be written as
AEy = =V (my, +my) f*B, (3.15)

where V is the volume factor. On the other hand, AEj is given in QCD at the leading

order of quark masses as follows.

AEy = (0[H\p|0) = V (0| myti + madd|0) . (3.16)
Therefore, we have
<O|muﬂu + ded|0> = —(my + my) f2B + O(m?). (3.17)

In the chiral limit, it gives
1 (0w + dd|0)

B=——
f? Ny

(3.18)

14



To examine the relation between f and the pion decay constant f,, we work out the
vacuum to pion matrix element of the axial current. It is convenient to introduce external
sources v, a,, s and p both in the QCD and ChPT Lagrangian such that they are invariant
under SU(Ny),® SU(Ny)g at finite quark masses. Keeping SU(Ny), @ SU(Ny)r requires

transformations of external sources under SU(Ny), ® SU(Ny)r as,

l,=v,—a, — LIL, (3.19)
r.=v,+a, — Rr,RY (3.20)
s—ip — L(s—ip)R', (3.21)
s+ip — R(s+ip)L'. (3.22)

and the QCD Lagrangian becomes

Locp(v,a,s,p) =Logecp(v=a=s5s=p=0)+ ¢y (v, + ayys)qg — q(s — ipys)g. (3.23)

The quark mass terms, which explicitly breaking SU(Ny)r ® SU(Ny)r, can be recovered
by functional derivatives of the partition function Z(v,a,s,p) at v, = a, = p = 0 and

s=m. LEOpr in Eq. (3.12) with external sources is expressed as

2
Lnpr(v, a,8,p) = fZTr (DLUDUT + XUt + Ux), (3.24)

where
DU = 8,U+il,U—iUr, (3.25)
X = 2B(s+ip). (3.26)

We note that though s, p is counted O(p?), v, a, is O(p) because of the local invariance of
D,,. Then differentiating the action S&fpr (v, a, s,p) = [ d*xLE] pr(v, a, s,p) with respect

to the external sources, the axial current operator Aj is identified with

6SLO f2
Al = % =i T (U*(0"U") - (0"U)U]) = —fo"ma + O(x*). (3.27)
u
It leads to
<0|AZ|7r> = <O|(+fipu7ra)7r“’f|0> =ip,f. (3.28)

Therefore, f is related to f, as follows.
fr=f+0(m). (3.29)
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We note that we can construct not only the axial vector operator Aj but the scalar S0,

pseudoscalar P* and vector operators Vi using external sources.
(3.30)
P =—i—, (3.31)

V== (3.32)

An (3.33)

= e .
(5%

Here we summarize the power counting rules. For the momentum of the NG boson p,

U~0®), (3.34)
D.UUa Qpy Uy ™ O(pl)a (335)
5,0~ O(p"). (3.36)

At the leading order, [.gfée is needed. However, at the next-to-leading order, not only
(2)

1-100p ar€ Tequired.

ngie but also one-loop contributions of £
[’glflg)T = £§2—)loop + Egﬁle' (337)
For Ny = 2(m, = mq = m) case, ngge is given by

e = b (e (@ueth) + b (Tr (900,07 T (2#U0U))

%14 (Tr (9,U0"U") Tr (mB, (U + U')))

1 2
Z T
+3 (s + 1) (Tr (mBy (U +U'))) (3.38)
1 (4lymB 4m?B (I3 + 14)
= 3 ( 7 °> Oyt — "f;” 7+ O(x%). (3.39)
On the other hand, for E@loop expressing the O(n*) in Eq. (3.13) leads to
1
L{‘?lw = const. + 3 (6“778’% - m%wQ)
1 2 2 Mg o
57 ((70um)? — (Bumdm)7?) + 247 (?)
where
mg = 2mB. (3.40)
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The pion propagator at one-loop order is obtained by loop integrals. Using the pion

propagator at the tree level,

(7)) = 5" . (3.41)
Then the loop integrals are evaluated as follows.
<7r“(x)7rb(x)> = % o logﬂ% =61, (3.42)
(4m)* 7 A3
(0, (2)0, 7" (x)) = "0, (—%3 ) , (3.43)

where Aj is a scale parameter in the MS scheme. The divergence is absorbed in the

renormalization of /3. The inverse pion propagator at one-loop is calculated as

1 21 1 I
ettt = 50 (1-55) + 57 (74 (1 5))

1
= 5 ((Burr)? + m2m}), (3.44)
where
T = Z'rg (3.45)
21 \ ™!
Z = |1—— 3.46
(1-37) (3.40)
1 m? m2
2 = mi |1+ ———2=log—2 . 3.47
The decay constant at one-loop order is obtained as in the case of the tree level.
Ny mj mg
=fl{1-— log — | . 3.48

The symmetry does not determine the numerical values of A3 and A4. The phenomeno-

logical estimates are [9, 28]

0.2 GeV < A3 < 2 GeV, (3.49)
Ay = 1.26 £ 0.14 GeV. (3.50)

A4 is calculated rather accurately from the I = 0 S—wave phase shift of 77 scattering.
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3.2 Chiral perturbation theory for Wilson-type fermions

Since the Wilson-type quarks explicitly break the chiral symmetry at finite lattice spac-
ings, it is desirable to include its violation effect into ChPT. In this section, ChPT for
Wilson-type fermions(WChPT) is introduced.

The effects of O(a) breaking by the Wilson term were first introduced to ChPT in
the study of spontaneous parity and flavor breaking phase in two-flavor full QCD [12].
The tree level WChPT Lagrangian including O(a) contribution is constructed. Then,
the pseudoscalar meson mass and decay constant formulae have been calculated at one-
loop [13]. The extension to the partially quenched case was also discussed. Including
O(a?) contribution was the next step. It has been done in the next-to-leading order
Lagrangian [14] and in the tree level one [15]. We note that including O(a?) chiral breaking
term in the tree level Lagrangian plays an essential role to generate the parity-flavor
breaking phase transition, which is needed for the existence of the massless pions with
the Wilson-type action [12]. Similar attempts to include the O(a?) taste violations for the
KS-type fermion have been made. The taste refers to the degrees of freedom of the KS-
type fermion resulting from the doubling problem. One-flavor chiral perturbation theory
was first considered [16]. Then it has been extended to the multi-flavor case [17,18].

Hereafter, we consider the one-loop formulae including O(a?) terms, which are needed
to realize massless pions at a # 0 [15]. First the tree level WChPT formulae including
O(a?) terms are calculated. Then the one-loop calculations are performed. Finally we
discuss the resummation of the one-loop WChPT formulae.

For the tree level case, adding a, a?, myyuqrxa and p?a contributions to the naive ChPT
Lagrangian at O(p?) in Eq. (3.12) leads to

o _ I

cro =L = T (1+c(S° = 1)) Tr (8,U0U) + e15° + e2(S°)?, (3.51)

where S° is the scalar operator normalized the one in Eq. (3.30) and cg,c; and ¢, are
defined as

Chy = W()a, (352)
ci = Wla —+ Blmquwk, (353)
co = Waa® + Va(Mguarka). (3.54)

There are three notices. One is that O(a?) is uniquely given by (S°)2. Though one power
of Myuark, O(a) and (O(a))? is uniquely given by S°, not only (S°)? but also (P*)? and
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Tr(U + UT)? can contribute to the Lagrangian. However, due to the feature of N; = 2
case, (P%)? and Tr(U + U')? can be written in terms of (S%)2,

(P)? = (8% - (3.55)
Tr(U +U"? = 2(50) (3.56)

Another is that an independent term at O(ap?) is given uniquely by SyTr(8,U8*UT)
because Tr ((U + UT)(‘?“U(?“UT) o SoTr(9,U0*UT). The last one is that L5, pr includes
(8% — 1) because the overall factor can be redefined. (S° — 1) keeps the first +1.

From L&, pr the operators in WChPT can be identified with those in lattice QCD

as,

Spatice = ZsS° (1+¢5(S°=1)), (3.57)
Plattice = ZPPa (1 + CP(SO - 1)) ’ (358)
Afattzce = ZA (A“ (1 + CA(SO - 1))) ’ (359)

where Zg p 4 are dimensionless constants and cg p 4 and EA are O(a) in general.

Next we perform one-loop calculations. Expanding £? in powers of 7 lead to

1—loop

L@loop = const. + = (8 7r8“7r—|—m§7r2)

862 —C

+6Lf2 ((m‘)uw) — (1 + gco) (8u7r8“7r)7r2> + 24/ (%)%, (3.60)

where )
C1 — 4Co
my = 7 (3.61)
The operators SPsices Plisice and Al ... are also expanded as
0 U
Slattice = ZS (1 - 2—.}@2(1 + Cs)> ) (362)
) e 2
Plcclzttzce = lZPT < 6f2 (1 + 30P)> (363)
0,7  20,mor? 3ca + Ca
AH — iz (1 +en™ _ 2%u ( >
lattice,a (22} (( + CA) f 3f3 4
2w Oy Ca
— == 3.64
TP ( 2 )) (3.64)

To obtain the pion propagator at one-loop order, we calculate loop integrals. The pion
propagator at the tree level is

(" (D)) = 5 (3.65)

p° +mj
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Then the loop integrals are evaluated as in the naive ChPT case,

(r(@)r(@)) = & (;”0) 1g’j’(§ = §J, (3.66)
(0, (2)0,7"(x)) = ™0, (—TI) (3.67)

where A is an arbitrary mass parameter in the MS scheme. We note that the value of A

depends on physical observables. The inverse pion propagator at one-loop is calculated

as
i = o)) )
= % ((é’;ﬂTR)2 + miﬁfz) , (3.68)
where
m = 2 (3.69)
7 (1_3_; (“%)) (3.70)
m: = (1 + 32:?;2( + 6¢p) log TXQ + 165;:22]”4 log TX_?) ) (3.71)

This Eq. (3.71) is the one-loop WChPT formula for m2. The formula for the decay

constant f, is obtained using the axial current operator A/ The vacuum to pion

lattice,a"

matrix element of the axial current is given by

1z
(Altice @R (1)) = S0~ (P Th(@)(y)) 2/°
I 9¢cy — 35A)
1 - — 4+ — 3.72
(a+en- o (1+22%)) e
— it (3.73)
Therefore, taking Z, = iv/2f2, we obtain
m2 m2
fr = f(l +CA) ( T6n 2f2 (1 + cf,,)log A2> , (3.74)
3 11 3
Cfr = 54~ a0 (3.75)
Similarly, the axial Ward identity quark mass "} is obtained by

AWI <8 Alattzce a( ) (y)>

quark —
< lattzce >
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Using
(Ou Al icea@)Th(v)) = (mh(@)h(y)) V2 fm2 2"

((1 +Ea) - 3if2 (4 + w» , (3.77)

(Phuel @) = 12 (si@nht) 2 (1= 250+ 3)) . @79
e have Aawr _ 1+Ca o mgcawr +10co/f* . mp
Moyark = 2B m (1 + 322 log A2> (3.79)
where
By = % (3.80)
cawr = 6cyg— 3ca+ 13—15,4 + 5¢p. (3.81)

Let us recall the pion mass at tree level is written as

C1 — 202 mquwk(Bl — 2‘/20) + CLWl — 2@2W2

m§ = 7= 72 = Amp, (3.82)
where
B1 - 2@‘/2
A = T’ (3.83)
Mmr = Mauark — Mes (3.84)
Wl - QCI;WQ
c = —a————=. 3.85
m a4 Bl — 2@‘/2 ( )

We note that this m, does not correspond to 1/(2k.) in lattice QCD, because 1/a con-
tribution to the quark mass has been subtracted in mgy.x. Another point is that co
controls the parity-flavor symmetry breaking. If m < m,, mg becomes tachyonic, m3 < 0.
However, as long as ¢, = O(a?) > 0, the parity-flavor symmetry breaking phase transition
occurs such that m2 > 0 [10].

AWI

We summarize the WChPT formulae for m,, m and f, at one-loop as follows,

quark
. (A+wTa)mp .  Amgpg woa? Ampg
m; = Ampg (1 + 3o 2 log A2 + S22 2 log N ) (3.86)
AWT a2
AWT wi fampg Amp Wyl Amp
. (A +wi"a)ymg . Ampg
fr = f(l + CA) (1 — 167r12f2 log A?c , (388)
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where we recover the labels of scale parameters A and w and A, are defined as

wt = 6W, + %‘f (3.89)
we = % (mcv? + WQ) , (3.90)
wil = w, —3W, + 13—1WA + 5Whp, (3.91)
wi~ = gWA — %WA — ZWO, (3.92)
A = A(ET‘;O&”. (3.93)

There are two features in these formulae. One is that in addition to the normal mglogmg

chiral singularity, the logmp contribution are generated by O(a?) effects. Another point

AWI

is that mg,q.

ChPT.

Since the contribution of logmpg in WChPT becomes larger and larger toward the

has additional mglogmpg and logmpg terms, which are not in the naive

chiral limit, we must perform a resummation on logmpg. The direct resummation by
calculating n-loop terms is possible in principle but is difficult in practice. Instead of the
direct approach, we use the four dimensional scalar theory with complicated interactions
that describes the parity-flavor phase transition. The phase transition has the meanfield
critical exponent with possible logarithmic corrections. For the pion mass corresponding

to the inverse of the correlation length, the behavior near the critical point should be

!

m2 = Cmpg (log (%)) + (less singular terms). (3.94)

For the comparison with the WChPT formula, we expand it as

m2: = Cmg(X+Y)”

™

; Y
= CmgX" (1 + Z/l} + ) ) (3.95)
where
A2
X = log|-—X :
o (15). (3.96)
A
Y = log( mR) , (3.97)
Ao
Comparing Eq. (3.95) with the WChPT formula of Eq. (3.86) leads to the identification
7 a’wq
Y = Hoaf (3.98)
cxX" = A (3.99)
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To determine v/ and X separately, the WChPT formula at two-loop level is needed.

AWIT
quark’

ll2’UJ£!
Am 32m7 {2 (A+ wla)m Am
2 R 1 R R
m; = Amg <10g <—A§ >) (1 + BT log( A2 >> (3.100)

a2w0
Am 32722 wWIagm Am
AWI R . & .
_ 4 | 1 1 3.101
mA Omf‘(og( A2 )) ( T Taep °g<A§,Awr>>’ 10

Finally we have the resummed formulae for m2 and m

where A, Ay and wy can be different from those in Eq. (3.86) and (3.87). We note that

log mg contribution does not appear in f; and therefore f, does not need the resummation.
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Chapter 4

Previous simulation results in lattice

QCD

In this chapter, the previous calculations in the quenched and two-flavor lattice QCD are
reviewed, paying attention to the role of chiral extrapolations. In these previous cases,
the chiral and continuum extrapolations have been done and the results are compared

with experiments.

4.1 Quenched QCD

Since lattice QCD calculations need large computational resources, the quenched approx-
imation ignoring the quark vacuum polarization effects was often used. In the quenched
approximation, a precise calculation of light hadron spectrum has been done by the CP-
PACS collaboration [29]. Simulations were made with the naive plaquette gauge and
Wilson quark action on 323 x 56 — 643 x 112 lattices at four values of lattice spacings
a ~ 0.1 —0.05 fm with the spatial size L ~ 3 fm. Hadronic observables were calculated at
five quark masses corresponding to mpg/my = 0.75 — 0.40. One of the major results of
their work is the observation of quenched chiral singularities. They also showed the failure
of the quenched approximation in the hadron spectrum and the strange quark mass.
The feature of the quenched light hadron spectrum is the appearance of the quenched
chiral log singularity. Quenched chiral perturbation theory(QChPT) predicts that a char-
acteristic logarithm singularity appears in the hadron mass as a function of quark mass

Mguark [30,31]. For pseudoscalar mesons made of quarks with masses m; and my, QChPT

predicts
2mi A m m
2 = A 1-6(1 ! 2__log—
mPS(ml’ mZ) (ml i mz) % A2QC’hPT * Mo — MMy °8 mq
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agA 2mi A 2ms A myms Mo
+——— | milog ——— + mylog + log —
1272 f2 ( Adcnpr A?

Qchpr M2 — 1Ty mi
+B(my +mg)? + O(m?,6?). (4.1)

A, B, 6, as and Ageppr are constants determined by fits of lattice data. ' The logarithmic
term proportional to ¢ represents the leading quenched singularity. At the leading order
in the 1/N, expansion in terms of the number of colors N, § is given by

2 2 2
my, + m, — 2my

0= 4872 f2

(4.2)

Using the experimental values for the pseudoscalar meson masses and the decay constant
fof93MeV, § ~ 0.2is obtained as a phenomenological estimate. Agcppr is a scale param-
eter of QChPT, estimated as Agenpr ~ O(1). ag in Eq. (4.1) is a constant representing
the coefficient of the kinetic term of the flavor-singlet meson field, which is subleading
in terms of 1/N,.. One of the fit results of m%g is shown in Fig. 4.1. Lattice data of
m%g support the existence of the quenched singularity. The best estimate of § from finer
lattices is 0 = 0.10(2), which is close to the phenomenological estimate ¢ ~ 0.2.

Using the quenched ChPT formulae, the light hadrons are extrapolated to the physical
point. Then after taking the continuum limit, the results are compared with experiments.
The quenched light hadron spectrum in the continuum limit is displayed in Fig. 4.2.
There are about 10% difference between the quenched results and the experimental data.
Since the statistical errors are 1-3% and the systematic errors are 0-2%, the quenched
approximation is the major source of this difference.

Another failure of the quenched approximation can be seen in the strange quark mass
ms. To determine the strange quark mass in lattice QCD, we need an input observable.
The mass of kaon mg or that of ¢ meson my is used for this purpose. The obtained quark
mass is expected to be independent of the choice of the input. However the result shows

a systematic deviation.

=113.8(2.3)"58[MeV] my input, (4.3)
m, = 142.3(5.8)§**[MeV]  my input, (4.4)

where the first error is statistical and the second error is systematic. The difference is

clearly larger than the error. Therefore, this is again the quenching effect.

LA modification of fitting parameters is needed because they are not independent in x? fits.
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Figure 4.1: Chiral extrapolations for pseudoscalar meson masses at f = 5.9 with the
quenched plaquette and Wilson quark action combination. The insets are expanded dis-
plays for the degenerate case. The QChPT and quadratic chiral fits are shown by solid
and dashed line. AWI quark masses are used for m,.
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Figure 4.2: Quenched light hadron spectrum compared with experiment.
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4.2 two-flavor full QCD

For the first step in full QCD, two-flavor simulations including dynamical up and down
quarks with degenerate masses have performed. The CP-PACS collaboration made a first
attempt toward execution of chiral and continuum extrapolations within a single set of
simulations [20]. Simulations were made with the RG improved gauge and the meanfield-
improved clover quark action on 123 x 24 — 243 x 48 lattices at values of lattice spacings
a ~ 0.2—0.1 fm with the spatial size L ~ 2.5 fm and four sea quark masses corresponding
to mpg/my = 0.8 — 0.6. Hadronic observables were calculated at five valence quark
masses corresponding to mpg/my = 0.8 — 0.5.

As in the quenched QCD, chiral perturbation theory(ChPT) predicts a characteristic
logarithm in the hadron mass formulae. For a pseudoscalar meson in two-flavor(N; = 2)
cases, ChPT predicts

2
Mpg 1 2Bomqu,"k 2BOanuark
_ 1. b 45
2 BoMauark TN mpr BT A 49
]Vf 21307nquark 21307nquark
= (1M I 16
fPS f ( 2 (47_‘_‘]()2 Og A?l Y ( )

where By is a constant, which is not determined in the context of ChPT. f is the pseu-
doscalar meson decay constant in the chiral limit and Aj is a renormalization scale. In
contrast to the case of the quenched QCD, however, the data do not show curvature
of the chiral logarithm as shown in Fig 4.3. Therefore, instead of the ChPT formulae,

polynomials of quark masses are used in their analysis.

mig = BMmgyark + Cm? (4.7)

quark*

Then, after taking chiral and continuum extrapolations, the comparisons with experi-
ments have been done. The major physics results are agreement of the K* — K hyperfine
splitting with experiments and decrease of the light quark masses by 25% from those
obtained in the quenched approximation.

In the quenched approximation, difference of the K* meson mass from experiments was
2.6703% when the K meson mass is used to fix the strange quark mass. This difference is
reduced to 0.7711% in full QCD. Similarly, when the ¢ meson mass is used as an input,
difference of the K* meson mass from experiments is under 1% for both quenched and full
QCD, that of the K meson mass is reduced from 8.513%% in quenched QCD to 1.3%33%
in full QCD. The results are summarized in Fig. 4.4.
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Figure 4.3: A test of the chiral logarithmic singularity in quark mass dependence of
pseudoscalar meson masses on 123 x 24 lattices at 8 = 1.80. Quark masses defined by the
axial vector Ward identity are used in this plot.
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Figure 4.4: Comparison of meson masses in full and quenched QCD as functions of the
lattice spacing a. Masses in the left figure have been obtained using the K meson mass
as an input, while in the right figure the ¢ meson mass is used. Experimental values are
indicated in diamonds. Data from the additional full QCD run at g = 2.2 are shown with
small filled circles.
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For light quark masses in the quenched QCD, mMS = 4.29(14) %525 MeV and mlsVI_S =
113.8(2.3)*35 MeV from mg and mMS = 142.3(5.8)722% MeV from m were obtained. m,

depended on the strange meson mass chosen for input. On the other hand, in full QCD,

the light quark masses are mM> = 3.45%0-30 MeV and mlsw_s = 8912 MeV from my and

mlf_s = 90"%, MeV from mg. They are reduced by approximately 25% compared with
the values in the quenched QCD. In addition, the input dependence of m, vanishes in full

QCD within errors, as described in Fig. 4.5.
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Figure 4.5: Comparison of strange quark masses in full and quenched QCD as functions of
the lattice spacing a. Lines are from combined linear continuum extrapolations. Masses
in the left figure have been obtained using the K meson mass as an input, while in the
right figure the ¢ meson mass is used.
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Chapter 5

Simulations

The following chapters are based on our original works. In this chapter, details of our
simulations are presented. After explaining our simulation setup, the features of small

sea quark mass simulations are discussed.

5.1 Simulation parameters and algorithm

Though the chiral and continuum limit has been taken for two-flavor full QCD as explained
in the previous chapter, a subtle point is in the chiral extrapolation. Due to the large
computational cost for full QCD simulations, the sea quark masses in the previous study
were restricted in rather heavy region corresponding to mps/my = 0.80 — 0.55, larger
than the ratio in the real world m,/m, = 0.17 by more than three times. The long
extrapolation to the physical u and d quark masses may cause large systematic errors in
the simulation results.

We have pushed two-flavor full QCD simulations with more realistic sea quark masses.
Since the computational costs toward the chiral limit are huge, we use a coarse lattice.
Therefore, to reduce the effects of a finite lattice spacing, we use an improved gauge and
quark action. For the gauge part we employ the RG improved action defined by

{co > Woal(@)+a ), WﬁfQ(:c)} (5.1)
v Ty
The coefficient ¢; = —0.331 of the 1 x 2 Wilson loop W, * is fixed by an approximate
renormalization group analysis [24], and ¢p = 1 — 8¢; = 3.648 of the 1 x 1 Wilson loop
by the normalization condition, which defines the bare coupling 3 = 6/¢?. For the quark
part we use the clover quark action [25] defined by

Z Gy Dayay, (5.2)
T,y
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Dm,y = 5wy - ’{Z {(1 - ’Yu)U:c,u5;c+ﬁ,y + (1 + ’YM)U;,uéx,y-Fﬂ}
U

- a:yCSWK: Z UuuFuua (53)
u<v

where  is the hopping parameter and F),, the standard clover-shaped lattice discretization
of the field strength. For the clover coefficient cgy we adopt a mean field improved
value [26]

esw = (W) = (1 - 0.8a1287) ", (5.4)

where the plaquette value W'*! is calculated in the one-loop perturbation theory [24].
This choice is based on our observation in Ref. [32] that the one-loop calculation repro-
duces the measured values well.

Our simulations are performed at a single value of § = 1.8. The lattice spacing fixed
from m, at the physical sea quark mass is found to be 0.2007(38) fm. We adopt four values
of the sea quark mass corresponding to the hopping parameter k,,, = 0.14585, 0.14660,
0.14705 and 0.14720. This choice covers mpg/my = 0.35—0.60. Gauge configurations are
generated using the Hybrid Monte Carlo (HMC) algorithm [33,34]. The trajectory length
in each HMC step is fixed to the unity. We use the conventional leap-frog integration
scheme for the molecular dynamics equation.

We accumulate 4000 HMC trajectories at kg, = 0.14585, 0.14660 and 0.14705 and
1400 trajectories at kg, = 0.14720 on the 123 x 24 lattice. We also accumulate 2000 tra-
jectories at Kgeq = 0.14585 and 0.14660 on the 16 x 24 lattice. The simulation parameters

are summarized in Table 5.1.

5.2 Stability of BiCGStab(L) method

In HMC, inversed quark matrices are needed. The even/odd preconditioned BiCGStab
algorithm is often used for the quark matrix inversion to solve the equation D,,G, =
B, [35]. However, the BiCGStab algorithm sometimes fails to converge at small quark
masses. While the CG algorithm is guaranteed to converge, it is time-consuming. We
find that an extension of BiCGStab to L-th order minimal residual polynomials, the
BiCGStab(L) algorithm [36] is more stable [37]. Fig 5.1 is an example of the convergences
of each algorithms. Though the conventional BiCGStab, corresponding to the case L = 1,
and BiCGStab(L = 2) do not converge, BiCGStab(L > 4) converge well. The naive
expectation from this result is that a larger L leads to a better convergence. In practice,

however, too large L also frequently introduces another instability. The optimum value of
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123 x 24

Ksea 0.14585 0.14660 0.14705 0.14720
#MD 200 333 400 800 1000 1250 1600
Accept. 0.76 0.72 0.84 0.82 0.90 0.87 0.91
Niraj 4000 1750 2250 680 3320 100 1300
Stop. 1010 1071 1071 10-12
N, 88 138 222 322
mps/my  0.600(3)  0.504(6)  0.411(11)  0.341(31)
163 x 24

Ksea 0.14585 0.14660 0.14705 0.14720
#MD 200 250 333 500 - -
Accept. 0.61 0.71 0.79 0.80 - -
Nirqj 800 1200 325 1675 - -
Stop. 10~10 10~ - -
N 87 163 - -
mps/my  0.598(5)  0.522(6) - -

Table 5.1: Run parameters in simulations. The step size dt is given by the inverse of the
number of the molecular dynamics steps (#MD). We denote the tolerance parameter in
the stopping condition for the quark matrix inversion in calculations of the force by Stop.
The number of trajectory is denoted by Ny .
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Figure 5.1: Convergences of several inversion algorithms.

L depends on simulation parameters. To avoid a tuning of L at each simulation point, we
employ the BiCGStab(DS-L) algorithm [38]. This is an improvement of BiCGStab(L) in
which an optimum L is dynamically selected. We find that BiCGStab(DS-L) is much more
robust than the original BiCGStab at small quark masses without much increase of the
computer time. The comparison of the CPU times is plotted in Fig. 5.2. BiCGStab(DS-L)
shows a good efficiency in the wide range.

We take the stopping condition of the form ||DG — B|| < A in the HMC program. The
value of A in the evaluation of the fermionic force is determined so that the reversibility
over unit length is satisfied to a relative level better than 10~® for the Hamiltonian. We
use a stricter stopping condition in the calculation of the Hamiltonian in the Metropolis
accept /reject test. Table 5.1 shows our choice of A together with the average number
of the BiCGStab(DS-L) iteration in the quark matrix inversion for the force calculation,
Nin-
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Figure 5.2: Comparison of the CPU time of inversion algorithms at different valence
hopping parameters.

5.3 Spike

When we generate configurations by the HMC algorithm, we sometimes encountered huge
values of AH = Hypiqp — Hyg, the difference of the trial and starting hamiltonians as in
the cases of other simulations [39]. We call these huge AH as spikes. A typical example
of spikes is shown in Fig. 5.3. The abnormality of spikes can be also seen in the histogram
of exp(—AH) shown in Fig. 5.4. We note that if spikes do not appear, HMC gives
(exp(—AH)) = 1. Spikes distorts the distribution of exp(—AH).

The practical problem of the spikes is that the simulations are more expensive at small
sea quark masses. As the sea quark masses become smaller, more frequently huge AH
appear. We must take a smaller value of the step size to keep the acceptance toward the
chiral limit. But the additional decrease of the acceptance by huge AH requires more
smaller step sizes. We found that the number of these spikes decreases more when we
employ smaller step sizes as shown in the histogram of Fig. 5.4. A concrete example is
shown in Fig. 5.5. Therefore to avoid the additional decrease of the efficiency by spikes
we employ rather small step sizes for small sea quark mass cases such that the acceptance

becomes approximately 90%, which is usually 70 — 80%.
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These huge AH are expected to come from hyperbolicity of a leapfrog step of the
molecular dynamics in HMC [40]. The solution to this spike problem is still under inves-

tigation.

1.0x10% : . : : : :

8.0x10° | ]
6.0x10° | |
T
S|

4.0x10° | |

2.0x10°

0.0x10° . I Lu— u , AA
0 200 400 600 800 1000 1200 1400 1600

Ntraj

Figure 5.3: Huge AH ((spikes) in the HMC trajectory at 8 = 1.80,k5,, = 0.14660 with
the step size dt = 0.003. We note that for the system with the spacetime volume V,
(AH) ~ O((dt)*V) ~ O(1).
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Figure 5.4: Histogram of exp(—AH) at § = 1.80,k5, = 0.14660 with the step size
dt = 0.003 and dt = 0.0025. The peak at exp(—AH) = 0 shows the contribution of
spikes.
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Figure 5.5: Huge AH (spike) in the molecular dynamics steps in HMC at § = 1.80,k5¢q =
0.14660 with the step size dt = 0.0025 and dt = 0.00125. The spike appear in the case of
dt = 0.0025 but it does not in the case of dt = 0.00125.
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Chapter 6

Results at simulation points

In this chapter, the measured observables such as hadron masses, decay constants and
static potential are explained. Then autocorrelations and finite size effects of the observ-

ables are examined.

6.1 Hadron spectrum

For measurements in full QCD, we use four values of the sea quark mass corresponding to
the hopping parameter x = 0.14585,0.14660, 0.14705 and 0.14720 which cover the range
of mpgs/my ~ 0.60 — 0.35. Measurements of light hadron masses and the static quark
potential are carried out at every 5 trajectories. Details of the measurement methods are
described in the appendix A. Their errors are estimated by the Jackknife method, which
are shown in the appendix B.

We use the same operators and smearing functions as those in our previous study [20].
For each configuration quark propagators are calculated with a point source and a smeared
source. For the smeared source, we fix the gauge configuration to the Coulomb gauge and
use an exponential smearing function v (r) = Aexp(—Br) for r > 0 with ¢(0) = 1. We
chose A = 1.25 and B = 0.50.

Figures 6.1, 6.2 show typical examples of effective mass plots. Good plateau of the
effective mass is obtained from hadron correlators with the point sink and the doubly
smeared source for mesons and the triply smeared one for baryons. Hadron masses are
extracted from these types of correlators.

We carry out x? fits to hadron correlators, taking account of correlations among dif-
ferent time slices. A single hyperbolic cosine form is assumed for mesons, and a single

exponential form for baryons. We set the lower cut of the fit range as ¢,,;, = 6 for mesons
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Figure 6.1: Effective masses of a pseudoscalar (left figure) and a vector meson (right
figure) at kye, = 0.14705 on 12° x 24 lattice.
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Figure 6.2: Effective masses of an octet baryon (left figure) and a decuplet baryon (right
figure) at kyeq = 0.14705 on 12% x 24 lattice.
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Figure 6.3: Effective potential energies Vorp(r = N;/4,t) at Kgeq = 0.14705 on 123 x 24
lattice.

and t,,;, = 5 for baryons, which is determined by inspecting stability of the fitted mass.
The upper cut (t,q,;) dependence of the fit results is small and, therefore, we fix ¢4, to
N;/2 for all hadrons. Our choice of fit ranges and result of hadron masses are summa-
rized in Tables D.1-D.9 in Appendix D. Statistical errors of hadron masses are estimated
with the jack-knife procedure. We adopt the bin size of 100 trajectories by the bin size
dependence of the jack-knife error as discussed below in Sec. 6.2.

The number of smearing steps for static potentials is fixed to its optimum value N, =
3 at which the overlap to the ground state C(r) takes the largest value. We use r = N, /4
as a reference. We inspect the ¢t dependence of the effective potential V. ;s(r,t) defined
in Eq. (A.19). Examples of Vs are plotted in Fig. 6.3. We determine the lower cut
of t as tpmin = 2 by the plateau of V.sr. As shown in Fig. 6.4, we do not observe any
clear indication of the string breaking. Therefore, we perform a correlated fit to V (r) =
Vers (7 tmin)

The lower cut of the fit range in Eq. (A.20), is determined as 7y, = v/2 by the 7y,
dependence of ry. With 7,;, < /2, x?/dof takes an unacceptably large value, while o
becomes ill-determined with 7,,;, > v/3. On the other hand, the 7,4, dependence of 7q is
mild. We fix 740 to N/2.
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Figure 6.4: Static quark potentials at kg, = 0.14585,0.14660,0.14705 and 0.14720 corre-
sponds to mpg/my = 0.60,0.50,0.40 and 0.35 on 12® x 24 lattice.

The systematic errors of ¢ and ry due to the choice of t,,;, and r,,;, are evaluated.
We repeat the fit, Eq. (A.22), with other choices of the range: tmnin = 3 O Tmin = V3.
The deviations of fit parameters and ry are included into their systematic errors. Other
systematic errors due to the choice of the optimum number of the smearing steps and 7,44

are small and ignored. Fit parameters in Eq. (A.20) and ry are summarized in Table D.11.

6.2 Autocorrelation

The autocorrelation in our full QCD data is studied by calculating the cumulative auto-
correlation time of 7§ for (i) the plaquette which is measured at every trajectory, (ii)
the pseudoscalar meson propagators at t = N;/4, (iii) the temporal Wilson loop with
(r,t) = (2,2). We take At,q, = 50 as shown in Fig. 6.5. In contrast to the naive expec-
tation, our autocorrelation times of (i)-(iii) do not show clear sea quark mass dependence
as seen in Fig. 6.6. One possible reason is that our statistics are not enough to estimate
the autocorrelation times. Further studies are needed to draw a definite conclusion. Our
cum

results of 75"™ are summarized in Table 6.1.

Bin size dependences of the jack-knife errors of hadron masses and Wilson loops are

41



123 % 24

Fsea 0.14585  0.14660  0.14705  0.14720
Tom T 76(1.8)  11.7(2.3) 9.5(21) 8.9(32)
rem o 79(1.6)  7.2(15)  5.3(1.2)  3.0(1.0)
rem o 81(1.9)  12.6(2.9) 11.3(2.2) 13.0(4.4)
16% x 24

Ksea 0.14585  0.14660  0.14705  0.14720
Tam T 14.1(3.9) 88(21) - -

rem o 10.3(2.8) 4.9(1.6) -

rem 141(3.8) 10.1(4.3) - -

Table 6.1: Autocorrelation time for a plaquette (T;ﬁl’;‘), a pseudoscalar meson propagator
at Ny/4(754™) and a Wilson loop with (r,t) = (2,2) (r*™). All values are in units of a

HMC trajectory.
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Figure 6.5: Autocorrelation function of a plaquette at sz, = 0.14705 on 123 x 24 lattice.
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Figure 6.6: Sea quark mass dependence of the cumulative autocorrelation time of a pla-
quette on 123 x 24 lattice.

plotted in Figs. 6.7 and 6.8. For hadron masses and the static potential, the jack-knife
errors reach plateaus at bin size of 50-100 trajectories. The situation is similar on 162 x 24.

Therefore, we take the bin size of 100 trajectories in the error analysis.

6.3 Finite size effects

We discuss the finite size effect in our data on the 123 x 24 and 163 x 24 lattices, which
correspond to L ~ 2.4 — 3.2 fm,

In Fig. 6.9, 6.10, we plot our data of meson and AWI quark masses as a function of
the spatial volume. For quantities in the meson sector, results obtained on 123 x 24 and
163 x 24 lattices are consistent within errors.

Finite size effects are expected to be more pronounced for baryon masses. Our data
of the light baryon masses my and ma at mpg/my = 0.50 decrease by 1-3%(0.8-2.3¢0) as
shown in Fig. 6.11. A higher statistics is needed to draw more definite conclusions.

Finite size effects in ry are known to be much smaller than in hadron masses. Our

results shown in Fig 6.12 confirm this.
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Figure 6.7: Bin size dependence of a jack-knife error of a pseudoscalar meson mass at
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Figure 6.10: Volume dependence of AWI quark masses.
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Chapter 7

Chiral extrapolations

In order to extrapolate the results of our simulations to their physical values, parameter-
izations of the lattice data as functions of quark masses are required. In this chapter, our
tests are presented using polynomials, functions based on the naive ChPT and those based
on the WChPT at one-loop order as the extrapolation functions. All of the parameters
in the extrapolation functions are determined by x? fits. The detailed examinations of

observables at the physical point are discussed in the next chapter.

7.1 Conventional polynomial extrapolation

We first parameterize pseudoscalar meson masses m%g as a polynomial of the quark mass.
For our previous work in the range of mpgs/my = 0.80 — 0.55, the form of the polynomial
was quadratic, which was enough to reproduce the lattice data with a reasonable x2/dof ~
1. However significant deviations from the previous fit appear in small sea quark mass
region as shown in Fig 7.1. Therefore, we fit m%¢ with polynomials at several orders. The

best fit is obtained by the following form.

Mps = B Mguark + C*7 (Mguark)” + D7 (Mgari)® + B (mguri)®, — (7.1)
where the VWI quark mass m} V% is defined by
1/1 1
m;:g,fk = 5 (; — /{_c> . (72)

The fitting parameters are the critical hopping parameter s, and the coefficients B —
EFS. For DPS = EPS = 0(quadratic fit) case, we find that x2/dof increases rapidly when
the smaller sea quark mass data are added to the previous one as shown in Fig. 7.2. It
means that quadratic forms are not enough to describe the sea quark mass dependence

in the small quark mass region.

47



1.4 . r . : : .
0.25 _
previous fit ---- ~
fit with all data —
0.20
1.2+ |
0.15
10} S0 |
0.05
08L ool 7 ) N |
(\E 6770  6.780  6.790 1/(,3(,800 6810  6.820
S
0.6 + |
0.4+ |
20 previous fit ---- ]
fit with all data —

695 700 705 710

0875680 6.85 6.901/ .
K

Figure 7.1: Chiral extrapolations of pseudoscalar meson masses. Open symbols show the
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Next we check the contribution of each term to examine if the higher order terms
may contribute to this chiral extrapolation. The contributions are plotted in Fig 7.3,
which shows the EFS(my 7} )* term gives 11% contribution at the heaviest data point.
Therefore, even Eq. (7.1) may not be enough for the chiral extrapolation of the pseu-
doscalar meson masses when smaller sea quark mass data are available. More curvature
may appear toward the chiral limit, which can be expressed with higher order terms.

Since m%g may be affected by the logarithmic singularity predicted by ChPT, we

also check the order dependence and the convergence of the polynomial extrapolations

AW I

quark- Lhey have no logarithmic

of the axial vector Ward identity(AWI) quark masses m

singularity in the context of the naive ChPT. As in the case of m%g, deviations from the

previous fit appear as shown in Fig. 7.4. We fit ma "} as
AWI _ pAWI,_VWI AWI(, VWI\2 AWI(, VWIN3 AW, VWI\4
mquark =B mquark + C (mquark) + D (mquark) + E (mquark) . (73)

The fitting range dependences are shown in Fig. 7.5. As in the case of m%g, terms up

VWI
to (mquark

in Fig 7.6. It shows the E”(my 7} )* term gives 13% contribution at the heaviest data

)4 are needed for a reasonable x2/dof. The contribution of each term is shown

point and again the higher order terms may be needed toward the chiral limit.
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Figure 7.6: Contribution of each term for the fitting of m

We note that k. determined from m}g agrees with that from m{¥% within errors as

shown in Fig. 7.7, in contrast to the case of the quenched QCD, where they differ because
of the quenched chiral singularity [29]. Therefore, we simultaneously fit m%¢ and mj;luvmc
to determine k. and use it for the following polynomial analysis.

The fit results of pseudoscalar meson and AWI quark masses are summarized in Ta-

bles 7.1, 7.2.

mPS/mV Ke BAWI CAWI DAWI EAWI XQ/dOf Q
0.350.80 0.147502(14) 1.961(60) -10.5(1.9) 71(20) -201(67) 7.29/5 0.22
mps/my ke BPS —CPS  DPY EPS  y’Jdof Q

0.35-0.80 0.147514(15) 12.05(33) -55.7(90) 359(89) -966(281) 6.95/5 0.24

Table 7.1: Parameters of independent fits to AWI quark masses and pseudoscalar meson
masses as a function of the VWI quark mass.
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mPS/mV Ke BAWI CAWI DAWI EAWI X2/d0f

0.35-0.80 0.147508(14) 1.938(54) -9.8(17) 65(18) -181(60)  11.4/9
BPS CPS DPS EPS Q
12.18(31) -58.9(86) 389(85) -1053(269) 0.26

Table 7.2: Parameters of simultaneous fits to AWI quark masses and pseudoscalar meson
masses as a function of the VWI quark mass.
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Figure 7.7: Chiral extrapolation of pseudoscalar meson masses and AWI quark masses in
terms of a VWI quark mass.
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Figure 7.8: Chiral extrapolation of vector meson masses in terms of a pseudoscalar meson
mass. Open symbols are the results in our previous study.

Next we parameterize the vector meson masses as a function of the pseudoscalar meson
mass.
2 4

AWIT
quark?

The fit results are shown in Fig. 7.8 and Table 7.3. As in the case of m%4 and m
systematic deviations from the previous fit are also observed in my . In the chiral limit,
for example, the difference is 7%(3.50). We employ the best fit including m&¢ term for
the following analysis, which shows good convergence as shown in Fig. 7.9.

We note that the effects of vector meson decays are not included because we do not

find any clear sign of decays in our propagators for our range of sea quark masses and

mPS/mV AV BV DV FV XQ/dOf Q
0.35-0.80 0.7915(72) 0.678(18) -0.1482(99) - 2.21/3 0.60
0.35-0.80 0.770(15) 0.790(72) -0.304(97) 0.063(39) 1.10/4 0.89

Table 7.3: Parameters of fits to vector meson masses.
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Figure 7.9: Contribution of each term for the fitting of my as a function of m.

volumes. Naively in the data below mpgs/my = 0.50 a vector meson can decay into two
pseudoscalar mesons. However, the finite lattice size limits the lowest momentum of a
pseudoscalar meson as p = 27/L. Therefore, large lattices as well as small sea quark
masses are required for decays of a vector meson.

A simple check of the vector meson decay can be done with p = 27/L vector meson
propagators. If a vector meson can decay into two pseudoscalar mesons, the energy of
a vector meson with a momentum 27 /L will be different when it is polarized parallel to
the momentum direction or perpendicular to it because of the mixing of a vector and two
pseudoscalar meson states [41,42]. However our data do not show the energy difference
as shown in Fig. 7.10. Our range of sea quark masses and spatial volumes may not be
enough to create decays of a vector meson.

Chiral extrapolations of pseudoscalar and vector meson decay constants and octet and

decuplet baryon masses are carried out as that of the vector meson mass,

frsy = BfPSafVm%S + DfPS’fVm}lJS + Ffps,fvmﬁPS, (7.5)

_ oct,dec, 2 oct,dec, 4 oct,dec, . 6
Moct,dec = B *“mpg + D*“mipg + Fo%my,g. (7.6)

The fit results are summarized in Fig. 7.11,7.12 and Tables 7.4,7.5. While deviations from
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Figure 7.10: Ratio of vector meson correlators with a momentum 27 /L and the polariza-
tion parallel and perpendicular to it.

the previous fit curves appear in decay constants as well as meson masses, baryon masses
are almost on the previous fits. It may be caused by the finite size effects. As discussed
in Chap. 6.3, our baryon data on 123 x 24 lattices of L = 2.4 fm may be lifted up by
finite size effects. Therefore, the sea quark mass dependence may be weakened by finite
size effects, which become more significant as sea quark masses decrease.

ro is often extrapolated using a linear form. However we found our data show a clear

mPS/mV Alps Blps D/lps Flps XQ/dOf Q
0.35-0.80 0.1239(26) 0.165(17) —0.076(27) 0.018(12) 17.2/4 0.0018
mPS/mV Alv Bfv DIv Flv XQ/dof Q

0.35-0.80 0.228(12) 0.265(59) -0.156(85) 0.039(35) 2.31/4 0.68

Table 7.4: Parameters of chiral fits to pseudoscalar and vector meson decay constants.
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mPS/mV Aoct Boct Doct Foct X2/d0f Q
0.35-0.80 1.045(23) 1.45(13) -0.57(19) 0.121(80)  4.02/4 0.40
mPS/mV Adec Bdec Ddec Fdec XQ/dOf Q
0.35-0.80 1.369(46) 1.06(24) -0.18(35) -0.019(151) 2.27/4 0.69

Table 7.5: Parameters of chiral fits to octet and decuplet baryon masses.
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Figure 7.11: Chiral extrapolation of pseudoscalar (left panel) and vector (right panel)
meson decay constants. Open symbols are the results in our previous study.
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Figure 7.12: Chiral extrapolation of octet (left panel) and decuplet (right panel) baryon
masses. Open symbols are the results in our previous study.
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curvature. We use the quadratic form as follows,

1
— =A"+ B”’m%s + Drom}ﬂs. (7.7)
To

The fit result is summarized in Fig. 7.13 and Table 7.6.

Ary B, Dy, X2/d0f Q
0.4369(82) 0.165(31) -0.043(25) 0.37/3 0.99

Table 7.6: Parameters of chiral extrapolation of rg.
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Figure 7.13: Chiral extrapolation of ry. Open symbols are the results in our previous
study.

We note that we fit hadron masses in lattice units instead of in ry normalized units,
which is sometimes used in the study of hadron spectrum. However, since we use a coarse
lattice a ~ 0.2 fm, ry have large systematic errors, which conceal signals.

Let us move on to the explanation of the physical point. The physical point is deter-

mined with chiral extrapolations and experimental inputs. We use pion and rho meson
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masses in this study. The pion mass at the physical point m, is determined by solving
the equation,

i _ M (7.8)
Ay + Bym2 4+ Dym: + FymS M,
where we denote the experimental values of the pion and rho meson masses by M, =
0.1350 GeV and M, = 0.7684 GeV. The rho meson mass at the physical point m, is

obtained by Eq. (7.4) with m,, which determines the lattice spacing a,. Lattice spacings

are also determined through 7y, with its phenomenological value Ry = 0.49 fm. Using
Eq. (7.7) instead of Eq. (7.4), we have
mﬂ'
As + Brymi + Dygmy

= M, Ry. (7.9)

Substituting m, to Eq. (7.7) leads to ry at the physical point, which brings an alternative
lattice spacing a,,. The result is a,, = 0.2119(61) fm, consistent with a, = 0.2007(38) fm
within 20.

The pion and rho meson decay constants fr, f, and masses of non-strange baryons NV,
A are determined by substituting m, to Eq. (7.5) and Eq. (7.6).

The renormalized quark masses in the modified minimal subtraction(MS) scheme at

2 GeV are obtained as follows. For the VWI quark mass, solving
Mps(kua) = M3, (7.10)

determines the hopping parameter corresponding to the physical light quark mass k.4 and
the VWI quark mass at the physical point,
171 1
mad' T =~ (— - —) : (7.11)
2 Rud Ke
Then, mY V! is renormalized using one-loop renormalization constants and improvement

coefficients at ;1 = 1/a, as explained in the appendix C.

VWI VWI
AL (1 + by ud ) Dud (7.12)
Ug Ug
While the AWI quark mass is obtained with
mVWI
A Za (1 0 ) A
I I
&= —LmA (7.13)

uo

mV ud
ZP (]_ + bp ud )

where m/V! is calculated by Eq. (7.3) with k,s. The MS quark masses are evolved to

u =2 GeV using the four-loop beta function [48,49].
All results at the physical point extrapolated with polynomials are summarized in
Tables 7.7 -7.9.
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mps / my

my [GGV]

ma [GGV]

a[fm]

Polynomial

0.35-0.80

1.053(27)

1.366(46)

0.2007(38)

Table 7.7: Hadron masses and a lattice spacing obtained by chiral extrapolations with

polynomials.

mps / my

fx|GeV]

[o|GeV]

Polynomial

0.35-0.80

0.1247(31)

0.2294(74)

Table 7.8: pseudoscalar and vector decay constants obtained by chiral extrapolations with

polynomials.

Kud

my" [MeV]

ma" 1 [MeV]

Polynomial

0.147440(13)

1.749(53)

2.851(58)

Table 7.9: ud quark masses in MS scheme at ;= 2 GeV obtained by chiral extrapolations
with polynomials and the corresponding hopping parameter k4.
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7.2 Naive ChPT extrapolation

In the quark mass dependence of the pseudoscalar meson mass and the pseudoscalar
meson decay constant, the naive ChPT predicts presence of logarithmic singularities. At

the one-loop level [9,11],

2
Mpg 1 21307nquark 21307nquark
=1 ] 7.14
2Bquuark * Nf (47Tf)2 o8 A% ( )
]V} 21307nquark 21307nquark
_ N 1 , 7.15
fPS f ( 2 (47Tf)2 og Az ( )

The fitting parameters are By, f, A3 and A;. We fit m%¢ and fps simultaneously to keep
the same fitting parameters in m%g and fps. Though m%g and fpg are correlated, for
simplicity uncorrelated fits are employed. Since we use the Jackknife error estimation,
the errors of the simultaneous fit reflect the correlation correctly. All we have to care for
is that the value of x?/dof can not be compared with those obtained from single fits and
should be considered as a guide for the quality of the simultaneous fit.

We have two choice for mgyark; mMpuary or myw ). We test both cases. The fit results

quark*

for both m/ V! and my V4 cases are summarized in Table 7.10.

AWI

suark) - We find the one-loop formulae do not reproduce our data

o Case 1(mgyark = m
of mps/my = 0.80 — 0.35, which give huge x2?/dof ~ 70. The mass ratio on the
left hand-side of Eq.(7.14) is plotted in Fig. 7.14. Our data do not show a curvature
except the small sea quark mass region mpg/my = 0.35,0.40. Then we drop the
heavy sea quark mass data from the fit until the one-loop formulae work. We found
the one-loop ChPT can describe the data of mpg/my = 0.60 — 0.35. It suggests

that the naive ChPT formulae should be applied at least below mpg/my = 0.60.

VWI )
quark

VWI
quark

plotted in Fig. 7.15 shows a curvature. However, the situation is similar. The fit with
mpgs/my = 0.80 —0.35 gives x?/dof ~ 100. The fit range of mpg/my = 0.60 — 0.35
is also required to fit our data by Eq.(7.14).

o Case 2(mgyark = M : In contrast to the Case 1, the mass ratio with m

Though we can fit our data of mpg/my = 0.60 — 0.35 by the one-loop naive ChPT
formulae, we should be careful for the reliability of the fittings. The fitting range is not
wide, which makes the fit less predictive. Another is that A, = 2.26(7) obtained by the
fit does not agree with the phenomenological estimation A, = 1.26(14) [28]. More serious

problem is the violation of the chiral symmetry, whose effects are sizable in the VWI and
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mPS/mV B64WI fAWI Ag]WI AfWI Xg/dOf Q
0.35-0.80 3.838(15) 0.12161(47) 1.553(10) 2.648(15) 283/4 10 '™
0.35-0.60 3.398(52) 0.1130(20)  0.902(71)  2.591(98) 7.45/4  0.083
mPS/mV BS/WI fVWI A;’/WI AXWI X2/d0f Q
0.35-0.80 6.886(22) 0.13226(35) 2.4021(85) 2.473(11) 470/4 10 2
0.35-0.60 6.582(87) 0.1145(18)  1.645(83) 2.262(72) 11.7/4 0.0076

Table 7.10: Chiral extrapolation of pseudoscalar meson masses and decay constants based

on the naive ChPT formulae at 1-loop with mgyuer = mi, VW1

and m k=1 . K has
quark quar quark c
been determined with mquarIk' The value of Ke is shown in Table 7.1.

mps/my AV BY cv ’/dof Q
0.35-0.80 0.7692(86) 0.897(32) -0.346(23) 0.83/3 0.93
0.35-0.60 0.731(45) 1.31(49) -0.85(60) 0.49/3 0.85

Table 7.11: Parameters of chiral fits to vector meson masses based on ChPT.

AWI quark masses and decay constants. The assumption of the naive ChPT is broken
significantly on our coarse lattices of a ~ 0.2 fm.
For the vector meson, we use the following function based on ChPT in the static limit

of the vector meson mass [43].
my = B¥mbg + CVmb. (7.16)

This cubic form describes our data well. The fit result is summarized in Fig. 7.16 and
Table 7.11. Chiral extrapolations of octet and decuplet baryon masses are carried out
with [44]

__ poctdec, 2 oct,dec, 3
Moct,dec = B Mpg + C Mpg. (717)

The results are summarized in Fig. 7.17 and Table 7.12.
To obtain the pseudoscalar meson mass at the physical point m,, Eq. (7.16) is used

instead of Eq. (7.4).

m M
i =7, 7.18
Ay + Bym2 4+ Cym3 M, (7.18)

The masses of non-strange baryons N and A are determined by substituting m, to
Eq. (7.17). The pion decay constant f; is obtained by use of Eq. (7.14) and Eq. (7.15).
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Figure 7.14: Test of the naive ChPT simultaneous fit to pseudoscalar meson masses and
decay constants. We use the quark mass defined through the axial vector Ward identity in
this plot. The down figure shows the mass ratio to zoom in the chiral logarithm behavior.
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Figure 7.15: Test of the naive ChPT simultaneous fit with the quark mass defined through
the vector Ward identity.
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mPS/mV Aoct Boct Coct XQ/dOf Q
0.35-0.80 1.042(14) 1.651(68) -0.640(52) 2.64/3 0.49
0.35-0.60 0.981(59) 2.48(71) -1.73(90) 2.26/3  0.39
mPS/mV Adec Bdec Cdec XQ/dOf Q
0.35-0.80 1.335(24) 1.404(98) -0.515(72) 1.56/3 0.76
0.35-0.60 1.53(16) -0.9(19) 2.4(24)  2.86/3 0.33

Table 7.12: Parameters of chiral fits to octet and decuplet baryon masses based on ChPT.

Substituting m, to Eq. (7.14) brings the bare quark mass at the physical point m,4. Then
Eq. (7.15) with myq gives fr. The ChPT formula for the rho meson decay constant has
not, been available yet. Renormalized quark masses are calculated with m,, as in the case
of polynomial extrapolations.

Our results extrapolated to the physical point are summarized in Tables 7.13 —7.15.

mps/my | my[GeV] ma[GeV] | a[fm]
ChPT | 0.35-0.60 | 1.052(72) 1.56(16) | 0.192(10)
0.35-0.80 | 1.029(14) 1.306(22) | 0.2009(21)

Table 7.13: Hadron masses and a lattice spacing obtained by chiral extrapolations with
the naive one-loop ChPT formulae.

mps/my | f=[GeV]
ChPT(myyark = ma?) | 0.35-0.60 | 0.1219(64)

quark

ChPT (mguark = ML) 0.35-0.60 | 0.1231(65)

quark

Table 7.14: pseudoscalar decay constants obtained by chiral extrapolations with the naive
one-loop ChPT formulae.
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Figure 7.16: Chiral extrapolation of vector meson masses with a polynomial and a function
motivated by ChPT. Open symbols are the results in our previous study.

Kud myEVIMeV] mp" ! [MeV]
Naive ChPT(1mguars = mAW5) | 0.147445(14) | 1.557(97) _ 2.57(15)
Naive ChPT (Mguari = mJVL) | 0.1474431(65) | 1.57(36) _ 2.60(53)

Table 7.15: ud quark masses in MS scheme at ;1 = 2 GeV obtained by chiral extrapolations
with the naive one-loop ChPT formulae and the corresponding hopping parameter k4.
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Figure 7.17: Chiral extrapolation of octet (left panels) and decuplet (right panels) baryon
masses with polynomials and functions motivated by ChPT. Open symbols are the results
in our previous study.

66



7.3 WChPT extrapolation

Though several kinds of WChPT formulae have been proposed [12-15], we employ the
one-loop formulae including a? effect. The O(a?) chiral breaking term play an essential
role to generate the parity-flavor breaking phase transition, which is necessary to explain
existence of massless pions for the Wilson-type quark action [45-47].

WCHPT including effects of the chiral symmetry breaking predicts several features,
which do not appear in the naive ChPT. The ChPT log curvature in the pseudoscalar
meson mass can be weakened by the O(a?) chiral symmetry breaking terms and additional

log contributions appear. The one-loop WChPT formulae are [15]

2 VWI PS, VWI Amy Amy
uar uar
mps = AMgueri (1 + Wi " Mgyarr 108 <7X§ ) + wp log ( Aq? >> (7.19)

AmVWI AmVWI
S — <1+wAWI VW log (ﬂ>+wolog <7k>> (7.20)

A%,AWI Ag
Amg i
fps = f(l W{PS m«ilog (#)) (7.21)
1

where the fitting parameters are k., A, f, wo,w?S, w7 wWiPs, A3, Az awr, Ao and Ay.
The overall factor of m{,y. can be absorbed in wy and Ag. We should be careful that

wo ~ O(a?), wi"! ~ O(a) and

PS (A +wia)mg

ot = SR, (7.22)
f N (A + wlﬂa)mR
IPS - 327_‘_2](-2 ) (723)

where f, is the pion decay constant in the continuum and chiral limit, which can be
different from f by O(a) effects.

We first fit mpg and mg,y ) simultaneously. Then we fit fpg fixing A and k.. As in
the case of the naive ChPT, we employ uncorrelated fits for simplicity. Therefore, the
x%/dof should be used to check the quality of the fit but the errors of the fit include the
correlation because of the Jackknife error estimation. The fit results are summarized in
Fig. 7.18 and Tables 7.16, 7.17. The one-loop WChPT formulae reproduce our data of
mpg/my = 0.80 — 0.35 well.

Since logmpg in WChPT becomes larger and larger toward the chiral limit, we must

perform a resummation of logmpg. A resummed WChPT inspired by some 4 dimensional
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mps/my  Ke A Wo ws wiW!

0.35-0.80 0.147445(27) 6.312(44) -0.40(13) -2.0(14) -2.0(14)
Ay A3 A§1WI XQ/dOf Q
0.91(35) 1.95(15) L.77(23) 15.3/9 0.1

Table 7.16: Parameters of chiral fits to pseudoscalar meson and AWI quark masses based
on WChPT.

mPS/mV f W{PS Ay X2/d0f Q
0.35-0.80 0.1233(17) 3.73(30) 2.44(13) 10.9/3 0.0028

Table 7.17: Parameters of chiral fits to pseudoscalar meson decay constants based on
WChPT. k. and A has been fixed to the values in Table 7.16.

scalar(pion) theory predicts [15],

AmVWI N\ @0 AmYWI
mpg = Am;@%[k (— log (A#gm)) <1 + wPm ;fav,fk log <+§m)> (7.24)

wo
A —— (_ log (%)) (1 Il g (%)) (7.25)
0 3AWT

where the fitting parameters are k., A, wo, wES, WA A3, A3 awr and Ag. We note that
fps 1s not affected directly by the resummation because logmpg terms are not appeared
in fps. It just reflects the shift of k.. The fit results are summarized in Fig. 7.19 and

Tables 7.18, 7.19. The resummed WChPT formulae also describe our whole data well.
Let us discuss the parameters determined by the fit. As in the case of the naive ChPT,
Ay = 2.44(13) does not agree with the phenomenological estimation A, = 1.26(14) [28].
The possible reasons are the renormalization factor of the axial current and the scaling
violation. The non-perturbative renormalization factor and the scaling check are needed
for a definite conclusion. Next we examine (w!s — wAWT)
in m%4/2mAW1 - Our fit result is (w¥ — w!) = 0.24(71). The counter part in the

quark

, which controls the curvature

continuum theory is estimated approximately as wf® = A/3272f2 ~ 2.4, w1 = 0,
where the phenomenological value of f, = 0.086 [GeV] and A = 2By(MS, n = 2 GeV) ~
2.8 [GeV] are used [11]. Therefore, the curvature is suppressed to 10% of the naive ChPT
by the O(a) contributions.
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mps/my ke A Wo wbs wiWl

0.35-0.80 0.147458(20) 6.354(59) 0.5418(46) 0.65(51) 0.42(49)
Ao Az Aé4WI Xz/dof Q
1.59(11) 0.15(15) 0.07(16) 14.2/9 0.14

Table 7.18: Parameters of chiral fits to pseudoscalar meson and AWI quark masses based
on the resummed WChPT.

mPS/mV f W{PS Ay X2/d0f Q
0.35-0.80 0.1227(17) 3.78(30) 2.44(13) 10.9/3 0.0028

Table 7.19: Parameters of chiral fits to pseudoscalar meson decay constants based on the
resummed WChPT. k. and A has been fixed to the values in Table 7.18.

WChPT formulae for a vector meson and baryons has not been available. We leave
them for future works.

Next we discuss observables at the physical point. Since we have not had the WChPT
formulae for a vector meson and baryons, we use Eq. (7.16) to determine the physical
pion mass m, as in the case of the naive ChPT. Therefore, the differences from the ChPT
results appear in quark masses and the pseudoscalar decay constant. Substituting m, to
Eq. (7.24) determines the VWI quark mass at the physical point m}V!. Then Eq. (7.25)
and Eq. (7.21) with mYVI give m2V1 and f, respectively.

Our results are summarized in Tables 7.20, 7.21.

69



14

12| Malle —v— -
10} 1
0.8 1
0.6 1

0.4 | ]

| K

WChPT —

6.80 6.85 6.90 1 6.95 7.00 7.05 7.10
K

3.00

Figure 7.18: Test of the WChPT fit to pseudoscalar meson masses, AWI quark masses
and decay constants. The left figure shows the mass ratio to zoom in the chiral logarithm
behavior.
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Figure 7.19: Test of the resummed WChPT fit to pseudoscalar meson masses and AWI
quark masses. The down figure shows the mass ratio to zoom in the chiral logarithm
behavior.
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mPS/mV fﬂ'[GeV]
WChPT 0.35-0.80 | 0.1242(23)
resummed WChPT | 0.35-0.80 | 0.1238(21)

Table 7.20: pseudoscalar decay constants obtained by chiral extrapolations with the one-

loop WChPT formulae.

Rud

myEWIMeV] ma"![MeV]

WChPT 0.147402(21)

1.09(16) 2.741(35)

resummed WChPT | 0.147411(16)

1.230(94)  2.725(38)

Table 7.21: ud quark masses in MS scheme at ;1 = 2 GeV obtained by chiral extrapolations
with the one-loop WChPT formulae and the corresponding hopping parameter k4.
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Chapter 8

Observables at the physical point

Comparisons with the previous results and dependences of physical observables on func-
tion forms of chiral extrapolations are presented in this chapter. First, deviations from

the previous results in the polynomial extrapolation case are discussed. Then, differences

between polynomial and ChPT-based extrapolations are examined.

8.1 Deviations from the previous results

The results at the physical points obtained with polynomial extrapolations are summa-
rized in Table 8.1. The deviations from the previous results are especially large for the
quark masses, as shown in Fig. 8.1. The quadratic extrapolations in the previous study

underestimated the sea quark mass dependence. The quark mass in the continuum limit

may have been overestimated by 10 — 20%.

this study previous | difference

a,[fm] | 0.2007(38) | 0.2150(22) | -7%(3.80)

mpV 1 (u=2 GeV)[MeV]| | 1.749(53) | 2.277(27) | -23%(100)
me"V I (p =2 GeV)[MeV] | 2.851(58) | 3.094(35) | -8%(4.20)
f=[GeV] | 0.1247(31) | 0.1288(33) | -3%(1.20)

fo[GeV] | 0.2294(74) | 0.2389(47) | -4%(1.30)

my[GeV] | 1.0563(27) | 1.016(16) | +4%(1.40)

ma[GeV] | 1.366(46) | 1.270(23) | +4%(2.10)

Table 8.1: Lattice spacing, quark masses and hadron quantities in physical units.
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Figure 8.1: Comparison of degenerate up and down quark masses obtained by chiral
extrapolations with polynomials. Open symbols show the results obtained in the previous
calculations and filled symbols are our new results. Lines are combined linear continuum
extrapolations in the previous calculation.

8.2 Comparison of function form dependence of phys-
ical quantities
We observed that the chiral extrapolations depend on the function forms. Both poly-

nomials and resummed WChPT formulae reproduce our data well. However, they give

different values at the physical point.

VWI(, _ _ 1.230(94)  (resummed WChPT)
mp (=2 GeV)[MeV] = { 1.749(53)  (polynomial) (8.1)
AW, _ 2.725(38)  (resummed WChPT)
mi (=2 GeV)[MeV] = { 2.851(58)  (polynomial) (8:2)
_ 0.1238(21)  (resummed WChPT)
fxlGeV] = { 0.1247(31)  (polynomial) (8.3)

Though the chiral logarithm appears in the resummed WChPT extrapolation, the pseu-
doscalar meson decay constant does not show clear function form dependence. The differ-

ence is 1%(0.30). On the other hand, quark masses clearly depend on the extrapolation
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Figure 8.2: Comparison of degenerate up and down quark masses obtained by chiral
extrapolations with polynomials. Filled circle symbols represent the results obtained
with the resummed WChPT formulae.

forms as shown in Fig. 8.2 and Fig. 8.3. The difference is 42%(5.50) for the VWI quark
mass and 5%(2.20) for the AWI quark mass. These results suggest that for a controlled

chiral extrapolations of quark masses the WChPT formulae are necessary.
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Chapter 9

Conclusions

In this thesis we have presented a study of the hadron spectrum and quark masses in
two-flavor QCD with small sea quark mass data down to mpg/my = 0.35, using the RG
gauge action and the meanfield-improved Wilson quark action.

We found previous extrapolations from mpg/my = 0.80 — 0.55 data with quadratic
functions show systematic deviations from those with mpg/my = 0.80—0.35. The extrap-
olation from mpg/my = 0.80 — 0.35 give 7%(3.50) smaller value for the lattice spacing.
The differences are especially large for the quark masses. 8%(4.20) decrease is observed
for the AWI quark mass and 23%(100) for the VWI quark mass. The previous quadratic
extrapolations underestimated the sea quark mass dependence and the correct quark mass
in the continuum limit may have smaller values by 10 — 20% than that in the previous
estimation.

The difference from the previous extrapolation may be from the chiral singularity,
which requires high order terms for polynomial extrapolations. Therefore we tested the
formulae based on ChPT. We found the naive one-loop ChPT formulae fail to reproduce
our data of mpg/my = 0.80 — 0.35. They must be applied under mpg/my = 0.60 for a
reasonable x?/dof. The narrow fitting range makes the extrapolations less predictive.

Since the chiral symmetry is explicitly broken for the Wilson-type fermion, it may
be a source of the failure of the naive one-loop ChPT formulae. Actually the resummed
one-loop WChPT formulae including O(a?) effects describe our data well. We have also
confirmed that the convergence of the resummed WChPT formulae is well. The one-
loop contribution take reasonable values up to 30% within our data range. Therefore,
systematic errors concerning chiral extrapolations are expected to be controlled well by
use of the one-loop WChPT formulae for our data of mpg/my = 0.80 — 0.35.

The influence by the WChPT formulae appears in quark masses at the physical point.
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The polynomial extrapolation and the WChPT formula give similar values for the pseu-
doscalar meson decay constant at the physical point. The difference is within the statis-

tical error. However, the difference is remarkable for quark masses.

VWi, B 1.230(94)  (resummed WChPT)

mp (1 =2 GeV)[MeV] = { 1.749(53)  (polynomial) (9-1)
AW, B 2.725(38)  (resummed WChPT)

mp (1 =2 GeV)[MeV] = { 2.851(58)  (polynomial) (9-2)

The WChPT formulae give smaller values than those obtained with polynomials, 5%(2.20)
for the AWI quark mass and 42%(5.50) for the VWI quark mass. It suggests indispens-
ability of the WChPT formulae for the calculation of quark masses.

Certainly more works at smaller lattice spacings are needed. This work is carried
out at a single lattice spacing. Scaling checks of WChPT are important to confirm the
validity of WChPT. Another point is the p — 77 effect. Since p — 77 is a higher order
contribution, it does not change the extrapolation of the vector meson mass dramatically
but it can be a source of systematic deviations. Therefore, in addition to our check of a

vector meson decay by polarization effects, more careful analysis using the finite volume
method [50,51] should be done.
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Appendix A

Measurements of observables

A.1 Hadron Masses

Meson operators are defined by

M(z) = ¢ (@)L (x), T =I1,%,%u 15V (A.1)

where f and g are flavor indices and x is the coordinates on the lattice. Meson correlators
are calculated as
(M (n)M(0)). (A.2)

The octet baryon operator is defined as
019 (z) = e (¢ (2)"C5¢' " (2)) " (), (A.3)

where a,b,c are color indices and C' = 7,7, is the charge conjugation matrix. a =
1,2 represents the z-component of the spin J, = 1/2. Decuplet baryon correlators are

calculated using an operator defined by
DI () = ebe (q(f)“(x)Tny“q(g)b(x)) qdMe(x). (A.4)

For each configuration quark propagators are calculated with a point source and a
smeared source. For the smeared source, we fix the gauge configuration to the Coulomb
gauge and use an exponential smearing function ¢(r) = Aexp(—Br) for r > 0 with
¥(0) = 1. We chose A =1.25 and B = 0.50 as in our previous study [20].

In order to reduce the statistical fluctuation of hadron correlators, we repeat the
measurement for two choices of the location of the hadron source, t;,. = 1 and N;/2+1(=

13) and take the average over the two [5]:

1

- (<M(tm + 1) M (tare)')

5 + (M (tape + )M (torc)')

(A.5)

tsre=1 t‘grc:Nt/Z-i‘l) :
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This procedure reduces the statistical error of hadron correlators by typically 30-40%,
which suggests that the statistics is increased effectively by a factor of 1.7 — 2. For further
reduction of the statistical fluctuation, we take the average over three polarization states
for vector mesons, two spin states for octet baryons and four spin states for decuplet
baryons.

Hadron masses are extracted by 2 fits to hadron correlators, taking account of corre-
lations among different time slices. A single hyperbolic cosine form is assumed for mesons,
and a single exponential form for baryons. Inspecting stability of the fitted mass, we set
the lower cut of the fit range. Statistical errors of hadron masses are estimated with the

jack-knife procedure.

A.2 Decay constants

The pseudoscalar meson decay constant is calculated by

myWiN ¢ |2C)
frs = 2KuoZ4 (1 +by q“‘““’“) C—A ——— (A.6)
Ug pV Mps

where the superscripts [ and s distinguish local and smeared operators. The VWI quark

VWI
mass Mg, 15 defined by

1/1 1
mi =5 (o) (A7)

K Ke
The critical hopping parameter k. is determined by chiral extrapolations as discussed in
Sec. 7. Various amplitudes are extracted in the following steps. The pseudoscalar mass

mpg and the amplitude C} are determined from
(P (t)P%(0)) = C3 [exp(—mpst) + exp(—mpg(L; — t))]. (A.8)
Keeping mpg fixed, we extract Cb and C% from the fits

(P'(t)P'(0)) = Oplexp(—mpst) + exp(—mps(L; — t)], (A.9)
(AL P%(0)) = C%[exp(—mpst) — exp(—mpg(L; — 1)]. (A.10)
Since non-perturbatively determined values for Z4, b4 and c4 are not available for our
combination of actions in two-flavor QCD, we adopt one-loop perturbative values in

Refs. [52,53] with the tadpole improvement.

Vector meson decay constant fy is defined as
(O[V;|V) = e fymy, (A.11)
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where ¢; is a polarization vector. The procedure to obtain the vector meson decay constant
is parallel to the one for pseudoscalar decay constant. The rho correlator with smeared

source is fitted with
(VI(t)V*(0)) = Cy [exp(—myt) + exp(=my (L¢ — 1))], (A.12)
which determines my and Cj§,. Using my as an input we make fits to the correlator
(VI()VH(0)) = O, [exp(—myt) + exp(—my (L, — 1))], (A.13)

where the amplitude C!, is the only fit parameter. A renormalized vector meson decay

constant is then obtained through

mVWf) 2Cy (A.14)

fV = 2K)’LLOZV (1 + bV
U my

where we also use one-loop perturbative values of Zy, by in Refs. [52,53]. We do not
include the improvement term cvé,,T,w,,, because the corresponding correlator is not mea-

sured.

A.3 bare quark masses

The up-down quark masses are calculated through the vector Ward identity myy; and
the axial vector Ward identity m 7. These two kinds of quark masses may differ because
of explicit violation of chiral symmetry at finite lattice spacings. A bare VWI quark mass
is defined by Eq. (A.7). A bare AWI quark mass m¥} is calculated using the fourth

component of the improved axial vector current

AT = Ay + c,0,P, (A.15)

where 0y is the symmetric lattice derivative. Then, m;;‘u% is obtained through
awr _ MesCa A.16
mquark 2CP ) ( . )

where C'4 and Cp are the amplitudes of (A5 (t)P(0)") and (P(t)P(0)) with the smeared

source and the local sink operators.
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A.4 Static quark potential

The static quark potential V' (r) is calculated from the temporal Wilson loops W (r, t)
W(r,t) = C(r)exp (=V(r)t). (A.17)

To obtain the clear signals, smearing techniques are often employed for the static potential.
Smearing enhances the ground state contributions in the temporal Wilson loops. Then
we can obtain the static potential from rather small ¢, where the errors of the Wilson
loops are small. As ¢ becomes larger, signals of the Wilson loops become worse rapidly.
We apply the smearing procedure of Ref. [54]. We replace a spatial link by the sum of
the staple products

Upi — 3 UnjUpisU! g (A.18)
j==1,..,4£3 A+

Smearing is applied to all the spatial links iteratively. We repeat this procedure several
times and construct the Wilson loop from the smeared link variables. We inspect the ¢

dependence of the effective potential
Verr(r,t) =log [W(r,t)/W(r,t+1)]. (A.19)

We determine the lower cut of ¢ by the plateau of V.;;. Then, we perform a correlated fit
to V(r) = Verp(7, tmin) with

Vir)y=V — 2 tor (A.20)

r
Since the rotational symmetry is well-restored by use of an RG-improved action, the
lattice correction to the Coulomb term calculated perturbatively from one lattice-gluon
exchange diagram [55] is not included.
The Sommer scale 7y defined through [56]
2 dV(r)
O dr

= 1.65. (A.21)

r=ro

7o is extracted by the numerical derivatives or the parameterization of the potential V'(r):

1.65 —
ro = ,/%. (A.22)

A.5 Autocorrelation

Since configurations are produced subsequently by any algorithms, there are a lot of
similarities in the configurations. The correlation in the sequence of configurations is

called as autocorrelation.
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The autocorrelation of lattice data is studied by calculating the cumulative autocor-

relation time

T(coum(Atmaw) = % + tzmjw p@(At), (A23)
where pp(t) is the autocorrelation function
po(at) = 1215 To(at) = (O0) - (O)) (Ol -+ A1) = () (A.20

where At should be taken large enough.
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Appendix B

Jackknife error estimation for full
QCD simulations

Throughout this thesis, uncorrelated fits are used for chiral extrapolations. However,
measurements of different observables have been done on each configuration, observables
obtained on the same configuration are correlated. Central values of uncorrelated fits do
not differ from those of correlated fits significantly. On the other hand, errors are often
underestimated in the case of uncorrelated fits. By use of the jack-knife method, the
errors of fit parameters can still be correctly estimated [20].

The jack-knife method is implemented for full QCD simulations in the following way.
First, hadron masses are determined with the usual jack-knife method. This yields mass
estimates mg)i(m’;ea) for each jack-knife ensemble obtained by omitting the gauge config-
uration number ¢ from the run with sea hopping parameter number k. Mean values and

variances are defined by

1 Y
mH(K’I::ea) = ﬁk mg) (K’]::ea)a (Bl)
1=1
2 N, —1 Ne p 2
(Ama(ki)” = =52 (mid” (k) = mn(l)) (B.2)
=1

k

o o) With jack-knife estimates

Chiral fits are then carried out by replacing mean values my (k.
mg )i(mé“ea) for the sea hopping parameter number k£ while keeping masses at all other sea
hopping parameters at their mean value. This procedure gives error estimates (AP)y
as above, where P stands for a fit parameter or a quantity derived from fit parameters.

Since runs at different sea quarks are uncorrelated, the total error AP is determined by
quadratic addition (AP)? = 3, ((AP)x)2
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Appendix C

Renormalization factors and
improvement coeflicients

One-loop renormalization factors and improvement coefficients used in this thesis are
summarized [52,53].

For the coupling constant we adopt a mean-field improved value [26] in the modified
minimal subtraction (MS) scheme obtained in the following way. We start with the one-
loop perturbative relation between the bare and MS couplings for the RG improved gauge

action and the O(a)-improved Wilson quark action [53],
1
(1)

The formula is reorganized so that 1/¢? becomes the coefficient in front of Flfy in the

1 11— 2Ny
= — +0.1000 + 0.03149N; + T log(ua). (C.1)

continuum limit after the mean field approximation. Using the one-loop expressions [24]
P = 1-10.1402¢2 and R = 1 — 0.2689¢> for the expectation value of the plaquette

P = (W™ and the 1 x 2 rectangle R = (W'*?), we obtain the relation
1 coP +8ciR 11— 2Ny
= —0.1006 + 0.03149N; + ——3—log(pa). C.2
925 7 It g loslia) (©2)

Tadpole-improvement is realized by using nonperturbatively measured values of P and R.

For full QCD we use values extrapolated to the chiral limit of the sea quark. Numerical
values of P and R used in the calculation are given in Tables D.5.

The VWI quark mass is renormalized with

— (1 + bm@) m (C.3)
Uo/ Ug
where .
Zm =1+ ¢2=(p) (0.0400 — 53 log(ua)Q) : (C.4)
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and

1
b = -5~ 0.0323¢g2<(1). (C.5)

For ug )

1/4

8412
"o = P4 = (1 _ 08 ) (C.6)
B
is used.

The local pseudoscalar density P, = 1, V51, is renormalized with

Pf = QKUOZP (]_ + bpu@) Pn7 (07)
0
where .
Zp =1+ g2 (1) (—0.0523 T 1og(,w)2) , (C.8)
and
bp =1+ 0.0397¢2<(u). (C.9)

The renormalized axial vector current Aﬁ, improved to O(g%a), is obtained through
AR = 2kupZ 4 (1 + bAﬂ) (A,w + CASMPR) , (C.10)
Ug

where A,,,, = Eni’yu’yg,wn is the bare local current and 5“ the symmetric lattice derivative.

Perturbative expressions for the renormalization factor and the improvement coefficients

are
Zy = 1-0.0215¢3<(p), (C.11)
ba = 1+0.0378¢2(n), (C.12)
ca = —0.0038¢2<(p). (C.13)

Similarly, the renormalized vector current VuR is obtained from the bare local vector

current V,,,, = ¥, v, and Ty, = 1,i0,,1, through

V. = 2ku¢Zy (1 + bvu@) (Vo + v 0, T ) - (C.14)
0
Here the perturbative results are
Zy = 1-0.0277¢2<(p), (C.15)
by = 1+0.0382¢25(n), (C.16)
cv = —0.0097¢2< (1) (C.17)
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Appendix D

Hadron spectrum data

Rseq mps [tm’ina tmaw] XQ/dOf my [tmin: tmaz] XQ/dOf
0.14585 | 0.6336(14)  [6,12]  0.76(34) | 1.0405(38)  [6,12]  0.40(51)
0.14660 | 0.4789(23)  [6,12]  1.60(119) | 0.9410(81)  [6,12]  2.36(102)
0.14705 | 0.3517(30)  [6,12]  0.63(84) | 0.8522(144)  [6,12]  0.76(88)
0.14720 | 0.2893(61)  [6,12]  0.50(93) | 0.8300(413)  [6,12]  0.95(92)

Table D.3: Decay constants on 123 x 24 lattice. Here for the renormalization factor we
employ k. determined from a simultaneous fit to m%g and m

Table D.1: Meson masses on 123 x 24 lattice.

,{56(1

AWT
mquark

0.14585

0.06340(34

0.14660

0.03632(39

0.14705

0.14720

)
(39)
0.01951(31)
0.01296(49)

Table D.2: Bare AWI quark masses on 123 x 24 lattice.

Ksea .fPS [tmina tmaw] fV [tmina tma:c]
0.14585 | 0.1785(14)  [6,12] | 0.3118(33)  [6,12]
0.14660 | 0.15784(87)  [6,12] | 0.2874(57)  [6,12]
0.14705 | 0.1413(14) [6,12] 0.2491(98) [6,12]
0.14720 | 0.1412(41) [6,12] | 0.2422(239)  [6,12]
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Ksea my [tmm, tmaw] X2/d0f ma [tmina tmaw] X2/d0f
0.14585 | 1.5357(69)  [5,12]  0.65(76) | 1.7722(97) [5,12]  0.74(83)
0.14660 | 1.3619(92)  [5,12]  0.85(66) | 1.6061(183)  [5,12]  1.45(97)
0.14705 | 1.2054(165)  [5,12]  0.69(96) | 1.5110(268) [5,12] 1.28(81)
0.14720 | 1.1791(417)  [5,12]  0.99(62) | 1.5300(1020)  [5,12]  0.62(123)

Table D.4: Baryon masses on 123 x 24 lattice.
Kseq <W1><1> <W1><2>
0.14585 0.504529(56) 0.249916(70)
0.14660 0.508445(69) 0.254866(883)
0.14705 0.511202(68) 0.258350(36)
0.14720  0.51263(14)  0.26016(19)
mig =0 0.51485(11)  0.26294(14)
Table D.5: Plaquette and rectangular loops on 123 x 24 lattice.
Ksea mps [tmina tmaw] X2/d0f my [tmin: tmaz] X2/d0f

0.14585 | 0.6333(19)  [6,12]  0.72(52) | 1.0488(43)  [6,12]  0.82(76)
0.14660 | 0.4781(16)  [6,12]  3.55(204) | 0.9403(70)  [6,12]  1.41(93)

Table D.6: Meson masses on 163 x 24 lattice.

AWT
Rsea mquark

0.14585 | 0.06378(47)
0.14660 | 0.03642(40)

Table D.7: Bare AWI quark masses on 163 x 24 lattice.

Ksea fPS [tmin7 tmaz] fV [tmina tmaz]
0.14585 | 0.1804(23)  [6,12] | 0.3151(45)  [6,12]
0.14660 | 0.1592(16)  [6,12] | 0.2913(48)  [6,12]

Table D.8: Decay constants on 162 x 24 lattice. Here for the renormalization factor we

employ k. determined from a simultaneous fit to m%g and mg‘uvgfk in Table 7.2.
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Ksea my [tmin; tmaz] X2/d0f ma [tmim tmam] XQ/dOf
0.14585 | 1.5567(91) [5,12] 1.97(92) | 1.7804(113)  [5,12]  0.64(54)
0.14660 | 1.3257(118)  [5,12]  1.58(91) | 1.5899(124)  [5,12]  0.96(77)

Table D.9: Baryon masses on 163 x 24 lattice.

Kseq <W1><1> <W1><2>
0.14585 | 0.504482(75) 0.249850(90)
0.14660 | 0.508338(61) 0.254739(76)

Table D.10: Plaquette and rectangular loops on 16% x 24 lattice.

123 x 24

KRsea tmm Tmin O To

0.14585 | 2 /2 0.329(6)(42)(91)  2.004(8)(58)(77)
0.14660 | 2 /2  0.289(5)(117)(64) 2.107(8)(37)(54)
0.14705 | 2 2 0.278(5)(38)(34)  2.167(9)(80)(25)
0.14720 | 2 V2 0.255(8)(10)(42)  2.237(17)(10)(34)
163 x 24

Ksea tmin Tmin O 7o

0.14585 | 2 /2 0.313(11)(10)(90) 2.011(10)(17)(72)
0.14660 | 2 V2 0.270(6)(67)(66)  2.131(11)(50)(39)

Table D.11: Sommer scale ry at simulated sea quark masses. The first error is statistical.
The second and third ones are the systematic errors due to the choice of ¢,,;, and 7r,,;,.
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